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CHATS WITH 


OONER or later, every man and 

woman is visited by an insurance 
agent who solicits him to take out life 
insurance with the company which 
he represents. Most of us have 
deemed it prudent to carry some 
amount of insurance, large or small, 
depending upon our income and the 
other demands upon our pocket- 
books, particularly if we have a 
family dependent upon us. 


The average man is almost entirely 
dependent upon the advice of the 
insurance agent in selecting the form 
of policy. Those of us who are 
fortunate enough to secure the ser- 
vices of a conscientious and well- 
informed agent possess policies which 
are not unduly burdensome so far as 
premium payments are concerned 
and which afford a degree of protec- 
tion for the beneficiaries whom we 
have named. 


To most of us, however, the whole 
subject of life insurance is a mystery. 
We know, dimly, that the theory 
behind the system is predicated on 
the fact that, of a large number of 
given cases, a certain number may be 
expected to outlive others. By strik- 
ing an "average", payments are de- 
termined whereby the amounts col- 
lected as premiums will be sufficient 
to meet any obligations for policy 
payments which a company may 
incur from time to time. 


In modern life insurance practice, 
the determination of these rates is 
not a subject for guess-work. Mathe- 
maticians are employed to make 
accurate forecasts of the situation. 
Such men are called actuaries. The 
work of these actuaries is highly im- 
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portant, for on their findings and 
recommendations depend the finan- 
cial security of the companies they 
serve and the policyholders who in- 
sure therein. 


A careful reading οἱ the articles 
in the present issue will be of as- 
sistance to almost all of our readers. 
Those of us who do not expect to 
become life insurance actuaries may 
not want to burden ourselves with the 
formal study of this issue, but we 
shall all want to profit from an under- 
standing of how the various types ot 
policies and premiums are computed. 
For those of our number who expect 
to make a career in life insurance, the 
value of the present issue is incal- 
culable. Here, in brief compass, two 
of the outstanding professors of 
actuarial mathematics present a sim- 
ple but comprehensive statement of 
the principles and mathematical com- 
putations which underlie the subject. 
With the help of their illustrative 
examples and diagrams, the student 
is enabled to gain an introduction to 
the subject which will pave the way 
for more prolonged study at some 
future time. 


Before undertaking the study of the 
present issue, readers of PRACTICAL 
MATHEMATICS are advised to review 
the issues on fundamentals of arith- 
metic and algebra, paying especial 
attention to the sections on loga- 
rithms (pages 88 to 100) and the use 
of the slide rule (pages 101 to 114). 
Many of the computations which are 
involved in the insurance articles 
presented in this issue may be solved 
much more readily with the assist- 
ance of these devices for shortening 
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the labor of computing multiplica- 
tions and divisions. In the offices of 
insurance companies, much of this 
computation is done by machines 
which, unfortunately, are not gener- 
ally available to the average reader. 


As in most of our 1ssues, we again 
present some simplified tables which 
will be of assistance to the reader. 
Again, we remind you that there are 
available longer and more complete 
tables to which you will want to turn 
when you have need of greater ac- 
curacy than these five- or six-place 
tables afford. For all practical pur- 
poses, however, you will find that the 
use of the tables in this issue gives 
all the practice needed and that the 
results obtained with them are reason- 
ably correct. The solutions printed in 
the illustrative examples and on the 
answers page are based upon the 
tables which are given here; in a few 
instances, as noted, use of larger 
tables might give a difference in the 
last significant figure. Since this dif- 
ference, in the examples chosen, 
would amount to not more than a cent 
or two in the final answer, it will be 
seen that these tables are reasonably 
accurate. 


At first glance, the reader may be 
somewhat appalled by the large num- 
ber of formulas which appear in the 
articles on life insurance. It 1s not 
necessary to memorize all of them, 
fortunately, for, as Dr. Fischer points 
out on page 913, many of these are 
presented merely for the purpose of 
showing how one step leads to 
another. It is good practice to read 
carefully enough to be able to see how 
each formula is developed out of 
those which precede, but to memorize 
only those which the authors signal 
out for special attention. 


In approaching the field of life 
insurance, the reader will encounter 
a few new symbols which have not 
been employed in the theoretical 
mathematics in our earlier issues. In 


some of the subscripts, an angle, or 
half-square ( |), appears. This re- 
sembles one of the forms for factorial 
numbers (see Issue Number Four, 
page 208), but here its use is alto- 
gether different. In the insurance 
formulas, the presence of an angle 
over a subscript makes the letter or 
numeral signify a term, while its 
absence makes it signify an age. Care 
should be taken, then, to write the 
half-square whenever it should ap- 
pear. It 1s an important part of the 
formula. 


The use of the small italic 2 signi- 
fies that annuity payments are made 
at the ends of the payment intervals, 
while the use of the small Roman a 
signifies that payments are made at 
the beginnings of the intervals. Actu- 
aries distinguish between these two 
forms by calling them “round a" and 
“curly a". The reader should note 
that some insurance texts have other 
symbols for the annuity immediate. 


Two other letters which may ap- 
pear slightly strange to the reader are 
the "open N” (N) and the “open S" 
(S). Their significance in the field of 
insurance 15 adequately treated by 
the authors on the occasion of their 
first appearance in the text (pages 909 
and 933); hence, no detailed explana- 
tion is necessary here. The “bar S" 
($) is another new symbol, not to be 
confused with the dollar sign ($). 


In connection with the final section 
of Dr. Nesbitt's article, dealing with 
dividends (pages 978 to 980), the 
reader will want to bear in mind that 
there are two kinds of life insurance 
companies: mutual and stock. A 
mutual company is owned by its 
policyholders and is, in that sense, a 
coóperative enterprise. A mutual 
company issues participating policies 
which entitle the policyholders to 
share in the profits being distributed 
in the form of annual dividends. A 
stock company 1s owned by its stock- 
holders, and usually issues non- 
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participating policies, although there 
are stock companies which issue both 
participating and non-participating 
insurance. As the name suggests, 
under a non-participating policy the 
policyholder does not share in the 
profits of the insurance operations. 
Instead, if the stock company 1ssues 
only non-participatinginsurance, these 
profits are the property of the 
stockholders. 


There is a standing controversy 
concerning the merits of the two 
kinds of insurance. As it works out 
in practice, the non-participating 
premium rates, through the force ot 
competition among companies, are 
computed as closely as is reasonable 
to the most probable interest, mortal- 
ity, and expense factors. The non- 
participating premium rates are then 
as low as reasonable caution permits, 
and the stockholders bear the risk 
that the premiums will be 1nsuf- 
ficient to meet the costs of the 
insurance operations. The partici- 
pating premium rates are, on the 
other hand, computed quite con- 
servatively, and with no special at- 
tempt to reach the minimum rates. 
The usually substantial profits arising 
from the excess of premiums over the 
cost of insurance operations are 
distributed as equitably as possible 
by means of annual dividends. The 
extra margins in the participating 
premiums are available in case costs 
are higher than anticipated; in that 
event, all that happens is that divi- 
dends are reduced. For a given 
insurance benefit, the participating 
premium will be higher than the 
non-participating premium, but the 
mutual company's representative will 
be quick to point out that the net 
cost—that is, annual premium less 
annual dividend—may compare quite 
favorably with the non-participating 
premium. 


Upon their return to civilian life, 
many of our service men will proba- 


bly, if we may judge from the ex- 
periences following World War I, 
convert their insurance into one form 
or another of those offered by the 
federal government. Many others, 
judging from the same experience, 
wil terminate their government in- 
surance but, mindful of the lessons on 
insurance which they have received 
while in the service, will sooner or 
later take out policies in some of the 
old-line companies. The very fact 
that the United States Government 
stresses the value of insurance and 
presents the facts to the members of 
the armed forces so clearly will give 
an impetus to the insurance business 
which will make it an attractive field 
for many who are in search of a 


livelihood. 


While this issue deals almost en- 
tirely with life insurance, the reader 
should realize that there are many 
other forms of insurance, each of 
which has its own formulas and 
theory based on compilations of large 
numbers of cases. Since there is an 
element of unpredictability in most 
other forms of insurance, a certain 
amount of unreliability creeps into 
the figuring of risks and a greater 
degree of “guess-work” enters into 
the calculations. 


In order that the reader of this 
issue may see how life insurance fits 
into the general insurance field, it 
may be well to review briefly the 
customary classifications of insurance. 
The insurance field as a whole has 
two subdivisions: social and volun- 
tary. Under social insurance, usually 
operated by the federal government 
or by the various states, such matters 
as old age and survivors’ insurance, 
employment security, and industrial 
accident are usually covered. 


Voluntary insurance is offered by 
commercial companies, by coópera- 
tive associations, and by the govern- 
ment. It has two main classifications, 
personal and property. Personal insur- 
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ance covers, in addition to life insur- 
ance, other forms, such as accident 
and health insurance. Property in- 
surance covers the subdivisions of 
marine insurance, fire insurance, cas- 
ualty insurance, and sureties. 


It should be noted that the insur- 
ance of industrial accidents, while 
regarded as a form of social insurance, 
is largely written by commercial 


carriers. 
R.S.K. 
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- LIFE ANNUITIES AND 
LIFE INSURANCE NET PREMIUMS : 
By Carl H. Fischer, Ph.D. 


HILE much of the computation necessary for insurance calcula- 
tions can be worked out laboriously by means of simple arithmetic, 
a knowledge of some of the formulas from algebra and higher branches 
of mathematics will frequently effect a saving of time and will often 
add to one's comprehension of the underlying principles. Before 
proceeding to memorize any of the material in this article, the reader 
1s advised to read it straight through, later returning to the more care- 


ful study of the various sections.—Fditor. 


COMPOUND INTEREST AND In life insurance contracts, the 
ANNUITIES CERTAIN initial payment is always made 
€ RE CTE ea D tc sured- person 1o tie 
insurer; in fact, in the vast majority of instances, the insured makes 
many payments to the company before he or his beneficiary receives 
any return. Thus, the insurance company is commonly in the position 
of being a custodian of sums of money which will eventually be repaid. 
In practice, this money is always invested at interest (usually in high- 
grade bonds or similar secure investments), and hence it increases 
with time. The mathematical theory of life insurance recognizes this 
productive use of money by the insurer. Ín all actuarial computations, 
it is assumed that money is constantly invested at compound interest. 





Compound interest 


In transactions involving compound interest, it is mutually agreed 
by debtor and creditor that interest shall be computed at certain stated 
intervals but that, instead of being paid at those times, 1t shall be 
added to and become a part of the invested principal. From this, it 
follows that each succeeding interest computation will be based upon 
a larger principal than those that precede. 


To illustrate, if it is agreed that interest shall be at 5%, compounded 
annually, on a loan of $100 for 3 years, the first year's interest will amount 
to $5. This sum now becomes part of the invested principal. The interest 
for the second year is 5% of the new principal of $105; this amounts to $5.25, 
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baking t the printipal a to $110.25 at the beginning of the third year. : 


The third year's interest is $5.51, which, added to the $110.25, totals $115.76 


as the amount to be paid to the “creditor at the end of ae third year to dis- | 


ch arge the debt. 


Because of the fact that life insurance computations are based upon 
an interest rate which 1s compounded annually, we shall restrict the 
following discussion of compound interest to this case. 

If the annual rate of interest is 7, then the interest earned | on an original 
{principal of P in one year willbe 21. °°. 

This, added to the original principal, yields PAEH as the accumulated 
amount at the end of the first year. This is also the pr incipal at t the begin- 
ning of the second year. | 

The interest earned during this 
second year will be P(1--2)7, and hence 
. the accumulated amount at the end of 
the year will be 


POF) +PQ+i)i=PA+i) 043) 
POL 6 


Again, the interest earned during 
the third year will be P(1-4-7)7 and 
the accumulated amount at the end 


will be 


$ 0j- 


ACCUMULATED AMOUNT [HOn] 





PO-EQMRPOM)S- Pa E Gr) 
= P(l-4- 
In general, the accumulated amount, o 10 30 30 40 50 GO 70 80 96 100 
S, of an original principal, P, invested | YEARS (n) 
for 3 M PA a ΤΙ M ar is Accumulated Amount of $1.00 Invested at 
pounded annually 15 3% Com npound Interest 
S2 P-ri. I oy Fel. 


This “compound interest formula", as given above, is set up in a 
form convenient for the determination of the amount to which a 
principal invested now would accumulate at the end of » years. In 
life insurance work, however, it is the inverse problem which 1s of most 
frequent occurrence; that is, what is the present value, P, of a stated 
sum of money, $, to be paid at some specified future date (say, n years 
hence)? This problem may be stated in a different, but equivalent 
form: What sum, P, invested today would yield an accumulated 
amount, S, at the end of z years? When phrased this way, it is clear 
that this problem also involves the same equation, 1, but t is time it is 
S which is known and P which is unknown. We solve I by dividing 
both sides of the Te by ens yielding 

an | 
ιο, ποτ | C XH 
It is cus tomary in actuarial work to use the small letter, 5, asa symbol 
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for T or (12-2)^', and hence (1-23. may be written as v" and 
equation II may be rewritten as 


ju. ΠΙ 
To summarize, we may say that S 1s the ped amount of a 
principal, P, invested at an annual interest rate, 7, for a period of 


n years, or that P is the present value or discounted Solid of S due in 
n years at an annual interest rate, 7. Both statements express the same 
basic relationship between P and S, and equations I, II, and HI are 
completely equivalent to one another. 


INTEREST TABLES 


Tables of (1-+2)" and v" at 3% interest for values of z from 1 to 50, 
inclusive, are given in Table LXXXII (page 982). Similar tables 
exist for many other rates of j interest, but we shall confine our problems 
to those involving this one rate. It was chosen because it 1s used at 
present by a large number of life-insurance companies in computing 
their net premium rates and legal reserves. The use of these tables 
may be shown in the following examples: 


Illustrative Example A 


Find the compound amount at the end of 12 years of $1200 invested 
at 305, compounded annually. 

Here P=$1200, ἐ--0.09, 7 —12, and we wish to find δ. 
Then S=$1200 (1.08)? - $1200 (1.42576) = $1710.912, 


which we round off to the nearer cent, calling our final answer $1710.91. 


Illustrative Example B 


Find the present value of $950 payable at the end of 7 years, if 
interest 15 at 305, compounded annually. 
Here S=$950, 70.08, » — 7, and we wish to find P: 
Then P =$950 ü 03) 7? or $950 οἵ. where v= (1.03) 4. 
Finding v’ in the table, we have 
-:$950 (0.813092) =$772.4374, 
which we round off to the nearer cent, calling our answer $772.44. (Note 
that in this case the nearer cent was the one higher, whereas in Example A 
it μετὰ to be the one lower.) 
TEST YOUR KNOWLEDGE OF COMPOUND INTEREST 
1 Accumulate $1000 for 25 years at 3%, compounded annually. 
2 Find the present value of $2000 due at the end of 30 years if money is 
worth 3%, compounded annually. 
3 Jones buys a lot for $900, paying $150 cash. What single payment at 
. the end of 6 years would settle the balance, if interest is at 0.03, com- 
pounded annually? 
4 Smith buys some property, making a cash payment of $1000 and agree- 
ing to pay an additional $6000 in 4 years. If money is worth 0.08, 
compounded once a year, what is the present value of the property? 
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Annuity certain 


In general, an annuity may be said to consist of a sequence of pay- 
ments, usually of equal size, made pericdically. If the payments are 
contingent upon the occurrence of some event or series of events, the 
annuity is called a contingent annuity. The best example of this type 
is a life annuity, which will be discussed in detail on page 906 to 914. 
If, on the other hand, it is assumed that each scheduled payment over 
_a fixed term of years is certain to be made at the time it is due, the 
annuity is called an annuity- certain. Examples of this latter type are 
. the-weekly time payments on a suit of clothes, the monthly mortgage 
_ payments on a home, and the semi-annual interest payments on a- 

corporation bond. | poter i m 

"The time interval between payments of an annuity certain is called 
the payment interval. lt may theoretically be of any.length, but in 
practice is seldom longer than one year. Payments are most often 
made either monthly, quarterly, semi-annually, or annually. We shall 
restrict the following discussion to the case where payments are made 
annually and on the same day each year as that on which interest 15 
compounded. p ὍΝ ! | 

It is often necessary to find the present value of an annuity, by 
which we mean the sum of the values of each of the payments dis- 
counted to the beginning of the term of the annuity. For example, if 
a debt were to be repaid by means of a sequence of future payments, 
the sum of the present values of the payments, each discounted at the 
agreed-upon rate of interest, should equal the debt. ES 

When one is interested in accumulating a certain amount by means 
of equal periodic deposits, it is the amount of the annuity which is 
involved—that is, the sum of all of the payments, each accumulated to 
the end of the term of the annuity. Since the present value and the 
amount of an annuity represent the value of exactly the same set of 
payments taken at different times, the present value is equal to the 
amount discounted from the end of the termi of the annuity to the 
beginning of the term. Kr PONE 7 


AMOUNT OF ANNUITY IMMEDIATE | 

Let us consider an annuity immediate with payments of $1 made at 
the end of each year for a total of x years. Let sn denote the amount 
of this annuity taken at the end of the wth year at an interest rate of 7 
per year. Then sq is the sum of the accumulated values of each of the 
payments of $1. The first payment, being made after one year has 
elapsed, draws interest for (7; — 1) years and hence is worth (1-+-2)*~ tat 
the end of the term. Likewise, the second payment draws interest for 
(7 —2) years, the third for (7 —3) years, and so forth. We thus come to 
. the next to the last payment, which, being made one year. before the 
end of the term, accumulates to (1-5, and the final payment, being 
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made on the last day of the term, earns no interest and hence is worth 
just $1. Then we see that 


| "ΗΕ. IV 
To simplify this expression for sq, multiply both sides of equation IV 
by (14-7), yielding | | 

see ο πα ME Ic cO SEU RES V 
If equation IV is subtracted from equation V, we have 
| | η. 

Solving this for 54, 
m ia M VI 


Z 


nl 


An expression for 25, the present value of a sequence or 7 payments 
of $1 each, made at the end of each year, may be obtained in an 
analogous manner. It is easier, however, to make use of the relation- 
ship between the present value and the amount, 


(14-2) "sa = 23. 
Thus, multiplying each side of VI by (1-F7) " yields 
| ic l-w 


τη Ξ- : : 
Z 7 


ΥΠ 


The algebraic details are left as an exercise for the reader. 


It should be noted carefully that aq and sq represent the present 
value and amount, respectively, of an annuity of 7 annual payments 
of $1 each, the payments being made at the end of each year. In such 
a case, where payments are made at the end of each period, the annuity 
is termed an annuity immediate. lt the payments are other than $1, 
say $R each, the value of the annuity may be found by multiplying 
by R the corresponding value of an annuity of the same number of 
payments of $1 each. 


ANNUITY DUE 


If payments are maae at the beginning of each year instead of at the 
end, the annuity is called an annuity due. It may readily be seen that 
each dollar paid at the beginning of a year would accumulate to (14-7) 
by the end of the year; hence, an annuity due of $1 per year for z years 
would be exactly equivalent to an annuity immediate of (14-7) dollars 
per year for 2 years. Then, if $a represents the amount of such an 
annuity due and az the present value, we have 


t Sa (1+2) » sa VIII 
and — ag - (14-2) «απ. IX 


ον Ifthe vaiues of sa and aa from equations VI and VII are substituted 
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in VIII and IX, are. a little algebraic manipulation results i 11. 


the pow Ing pair of relationships: © 


ὅπ Sagi 7 ε΄ ( X 
dm Get: ΧΙ 


. "These derivations are left as. exercises for the reader. 


- A statement of the values of sa and da at 395 interest for values of 


on from 1 to 50 is also to be found 1 in Table LXXXII. 
i| 1 llustrative Example 4 


Find the present value of pay ments of $250 each, made at the end of 
each of the next 8 years if interest is at 0.03, compounded annually. 


The present value is 
$290 - ag =$250 (7. 0197) 
—$1754.92. 
Illustrative Example B 


How much must be deposited at the end of each of the next 15 years 
in order to accumulate a fund of $10,000 at the end of 15 years if money 


-15 worth 3%, compounded yearly? 


The accumulated amount must equal R- * Sg — —that is, $10,000 = R + sg» 
from which we have: | p 
Rx $10,000 __ $10, 000 
kn jm — 18.5989 
= $537.67. 


lllustrative Example ο 


If $50 is deposited at the beginning of each year for 5 years, what 
will be in the fund at the end of the five-year period if interest is at 
3%, compounded annually? 





Since the deposits are made at the beginning of each year, this 15 an ' 


annuity due; hence, the accumulated amount is 
$50  $, —$50 (ορ-- 1) - $50 (6.4684 — 1) 


 =$273 A2. 


TEST YOUR KNOWLEDGE OF ANNUITIES 
5 If you deposit $100 at the end of each year for the next 7 years in a bank 
paying interest at 375 annually, how much will be in your account just 
after the last deposit? 


6 A man desires to deposit with a trust company a sum which will provide | 


his family with $1200 at the end of each of the next 10 years. If interest 
on deposits is paid at the rate of 3% per year, find the sum to be deposited. 
7 Johnson buys a refrigerator for $280, paying $30 cash and agreeing to pay 
off the balance in 3 annual payments. if f interest is at 3%, compounded 
annually, find the size of these annual payments. 
8 What is the present value of a sequence E 
the beginning of each of the next 15 years i 
Po annually? 


money is worth 0 03, com- 


r none of $80 each, made at 


ae 


yh 
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9 A man wishes to make 5 annual deposits of equal size, the first to be made 
today, in order to accumulate a fund of $1000 at the end of 5 years. If 
his deposits earn interest at 3%, compounded yearly, how large must 






they be? 
LIEE Normally, no valid prediction can be made in regard 
to the time of death of an individual—in fact, if it 


igi ind were possible to determine one's future date of death, 
life insurance and life annuities, as we know them, would be both 
unnecessary and impossible. However, even though we cannot predict 
the date of death of an individual, long experience has shown that 1t 1s 
possible to predict with a high degree of accuracy the relative number 
of persons out of a given large group of persons of the same age who 
wil die within any specified year. It is this statistical stability of 
large groups which makes 1t possible for life-insurance companies to 
furnish insurance protection to persons who satisfy certain require- 
ments in regard to health and occupation at the time of application. 


Mortality table 


The primary basis of all actuarial theory is the mortality table, 
sometimes called the /ife table. (Both names are equally appropriate, 
since the table shows the proportion of persons who are expected to die 
and the proportion who are ex- 100000 
pected to survive each year of life.) Wana pE 5 
The mortality table is based upon 
a careful study of the mortality ex- 80,000 
perience over a period of time ofa -» 
given group, such as the policy- 
holders in one or a number of 5 60,000 
insurance companies, or perhaps 
the residents of a certain city, state, 
or nation. From such a study is u 40,000 
computed the rate of mortality at = 30000 
each year of age, often expressed as 5 








90,000 


the number of deaths expected = 0000 
within a year per thousand exposed. 10,000 
Since the mortality rate for men i 
often differs materially from that ΙΟ 20 30 40 50 60 70 80 90 100 


for women of the same age, it is AGE IN YEARS (κ) 

— "— a Number living at Various Ages according to 
the usual je actice to compute rates American Experience Table of Mortality 
for each sex independently. Fig. 2 

Obviously, if a table is to be used in predicting future mortality 
on the basis of the assumption that the experience of the past will 
be duplicated in the future, the group of persons whose experience 
was used as basic data for a particular table must be as nearly like 
the groups for whom the table is to be used as possible. Thus, it 
would not do to use a table based upon census data, where persons 
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in all degrees of health are included, to compute insurance premiums 
for persons who. will be medically examined before being accepted. 

The mortality rates obtained directly from observed data usually 
exhibit minor irregularities from age to age which are attributable 
to pure chance. These random fluctuations are “ironed out" by a 


. process termed graduation, which may be performed either graphically 


or by means of various mathematical formulas, and it is the graduated 
rates which are used in making up an actual table. A detailed con- 
sideration of graduation i$ beyond the scope of this article. 


CONSTRUCTION OF A MORTALITY TABLE 


With the rates of mortality for each age at hand, it is a compara-- 


tively simple matter to complete the mortality table... One assumes 
a convenient number of persons beginning with the youngest age 
which is to appear in the table. Usually 100,000 is taken, although 
other numbers are sometimes used. | K 

In the case of the American Experience Table, upon which the actuarial 
S at the end of this volume are based, we begin with 100,000 males.at 
age 10. ! 


As the mortality rate at this age in this table is 7.490 s thousand, ο 
O00 and 99,251 
2 


will be 749 deaths within the year out of our group of 
survivors at age 11. E | | 
Then, if this number of survivors is multiplied by the mortality. rate of 


7.516 per thousand at age 11, we obtain 746 deaths and hence 98,505 survivors - 


at age 12. eds | 

This process may be.continued thus age by age until we eventually find 
that the last survivor of the original 100,000 dies within a year after reaching 
age 95. . | 


Other mortality tables exhibit different highest ages. Such an age 


js, of course, an artificial convention—a table must end somewhere. 
It is not to be interpreted as meaning that the compiler of the table 

- believes this" highest age”is the maximum that a human being can reach. 
The American Experience Table; which was constructed about 
1860, is the most widely used table in this country for legal-reserve 
purposes, being either prescribed or permitted by law in every state. 
'The mortality shown at ages below 60 1s considerably higher than 
that actually being experienced by insured persons at the present 
time, That this does not cause any real injustice to the younger 


policy holders is shown in the discussion of dividends and gross pre- 
miums in the following article. . TE 


INTERPRETATION OF A MORTALITY TABLE - 


A mortality table may be.interpreted in more than one way. Per- 


haps the simplest of these is to consider it as exhibiting the entire. 
future life history of a large group of persons, all of whom attain the | 


Ἢ 











te 
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Ἱππία] tabular age on the same day. In the case of the American 


Experience "Table, this means 100,000 boys at age 10, but other 


initial ages occur in other tables. Under this i interpretation, we may 


define the column headings in the following manner: - 


x represents the exact age in years of the individuals toncerned; 


Z, stands for the number of persons, out of those who begin at the initial | 


tabular age who survive to attain pr ecise age x; 


d, represents the number of " persons out of a group ot ]. persons of. age A who 


die within a year—that is, who die before attaining age x1. 


qx, Which is defined as being equal to ^ ,Inay be termed the rate of mortal- 


ity at age x. By this, we mean that q; represents the proportion of 
persons of exact age x who are expected to die before attaining age x-+1. 
(This symbol is also often called the "probability" 
De. similarly, may be called the rate of.survival or the relative frequency 
of survival, or the “probability” of survival at age x—that is, pẹ repre- 
sents the proportion of persons of exact age x who are expected to survive 
at least until they reach age wl. In symbols, 2, is defined to be eana 


lsti 
to 
| SL 


From this definition of symbols, it is clear that d,+/..:=/,—that 


is, out of a group of 7, persons of exact age x, there will be d,, deaths 


within the year and lees survivors at.the end of the year. df each 
side of this equation is divided by Z, we have | 


vM 
TULT 





“l, 


or BUE ο o ο ως 


In words, till states chat the sum of the relative Peguen (or 
probabilities) of death and of survival, respectively, for any. year 
of life 1s equal to unity. 


From the mortality table, various questions regarding relative | 


frequencies of death or survival may be answered, as is shown in the 
following examples: | 
I llustrative Exam ples 


Assuming that the porel) in the groups to be considered will 
follow exactly that shown by the American Experience Table, Ππις-- 


À In a group of men aged 20, the relative frequency of surviving at least 


25 years mọre. 


Bina group of men aged 30, hi relative frequency: of the occurrence of 
death in the year. following attainment of age 45.. : 


. In a group of men aged 40, the relative frequency of death occurring 


between the ages of 60 and 90. 


i 


of death at age x.) 














— 
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The relative frequencies required in these problems may be found in each 
case by dividing the number of actual occurrences (according to the mortality 
table) of the event in question by the total number of possible occurrences. 

A The number of men in the group aged 20 is /29=92,637. This is the total 

number of possible occurrences. 
However, the table shows that only Z;,(— 74,173) of these survived to 
reach age 45. | i 
hs 74,173 
log 92,637 


This could also be expressed by the statement that 80.07% of men aged 
20 can be expected to survive at least 25 years longer. 


B The number of men who die within the year following their attainment of 
age 45 is shown by the table to be 7,,—828. This is the number out of 
an initial group of 4;( 85,441) who satisfy the condition of the problem. 


di, 828 


5 κ 45 — be a 
The solution, then, is Js 85,441 0.0097. 


— 0.8007. 


Hence, the relative frequency desired is 





C The number of deaths occurring between ages 60 and 70 is evidently 
so — Zr = 57,917 — 38,569 = 19,348. 
The number of men aged 40 is /,,— 78,106. The solution is 


la-ka 19,548 


es — 0.24 
i 78106 0.2477. 








TEST YOUR KNOWLEDGE OF THE MORTALITY TABLE 


Assuming that the mortality to be experienced will follow that shown 
by the American Experience Table exactly, find: 

10 In a group of men aged 45, the relative frequency of death occurring 

. within 5 years; | 

11 In a group of men aged 23, the relative frequency of survival to age 60; 

12 In a group of men aged 65, the relative frequency of death occurring 
between the ages of 70 and 75; 

13 In a group of men aged 37, the relative frequency of the occurrence of 
death in the year following the attainment of age 47. 

14 Given that, in a certain mortality table, /s9-: 100,000, and that gz 
Joi, 922) q2, and qs are, respectively, equal to 3.92, 4.02, 4.12, 4.18, and 
4.25 per thousand, compute, as far as this data will permit, the columns 
of /, and dy 


Life annuity 


Heretofore, we have considered annuities which consist of a speci- 
fied number of payments which are certain to be made. We-now 
wish to consider annuities in which each payment is contingent upon 
the survival, to the payment date, of a designated individual called 














a 
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. the annuitant. Under such an annuity, payments are also η. 


of uniform size and periodically spaced. It is usual, in elementary 
actuarial work to limit the discussion to life annuities involving only | 
annual payments. and to interest compounded annually. . 


À life annuity may be one of two kinds, a whole life annuity, under 
which payments continue until the death of the annuitant, and a 
temporary life annuity, under which payments cease at the expira- 
tion of a specified time interval or at the death ọf the annuitant, 


whichever occurs first. 


ASSUMPTIONS 


Τε is CU that it be clearly understood that all net: annuity 
and insurance calculations are based upon these assumptions: - 


a That the mortality to be experienced will follow exactly that shown in the 
. mortality table to be used;. 


b That interest will be earned on all invested « sums at the assumed com- 
pound interest rate; 


C That no allowance is made Es expenses or profits—that i 18, Hat every 
cent received by the insurer, plus interest earned, is ultimately enu 
to the group of annuitants or insured persons. 


WHOLE LIFE ANN NUITY 


Let us assume that each of the 7, persons aged x in the mortality 
table applies to an insurance company for a whole life annuity imme- 
diate of $1.00 per year, first payment of $1 to be made one year hence, 
and. offers to pay the entire net cost of this contract now. Let us 


agsume, further, that interest will be earned by the company at 3% 


per year, that the mo of the American Experience Table will 
be followed exactly, and that there will be no profits or expenses 


involved. Then the present value of the receipts from the group of © 


annuitants must exactly balance the present value of all payments to 
the group. 


The company will then receive a total of ls a, dollars from the entire group, 
where 4, represents the present value or single premium or net purchase price 
of a whole life annuity immediate of $1 per year issued. to a person aged x. 


At the end of one year, the company will pay $1 to each of the 4+1 survivors, 
or a total of 4.44 dollars. Discounted to the. present date, this amount has 


the value of (1.03)~* 4+1, which actuaries prefer to write /,47. 


- At the end of the second year, the company will pay out 4.42 dollars, the 
present value of which is (1.03)~*/,,2 or v*7,,s. Similarly, the present 
value.of the third-year payments is 4.43, that of the τίς payments 
is Ὁ κ. and so on. 
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The last payments to the group will be made at age o, where o represents 
the highest age in the table at which survivors exist. In the case of the 
American Experience Table, ω-- 95. 


If we now equate the present value of company receipts to present value of 
company expenditures, we have ` 
ly 5 0 Lido Le oF 0 hea gb 7 8 6 pets 
Then, solving for ax, 
ο. ο. Tots XIII 
Equation XIII may be used to calculate the value of a, for any 
given age, x, but it involves too laborious a computation for practical | 
use except, perhaps, when x 1s an advanced age. 
Thus, for x92 we have, using Table LXXXII for the values of υ΄ and 
Table LXX XIV for the values of PR 


UU bos? [344-99 los 


lo 
_ (0. .970874) (79) + (0.942596) (21) + (0.915142) (3) 
- 216 
=().45944. 


If x were a younger age—such as 20, for example—there would be seventy- 
five multiplications and one division required in the computation by this 
formula of the value of doy. When a number of annuity values are to be 
computed, a considerable saving of labor may be effected by the simple device 
of multiplying each term in the numerator and the denominator of equa- 
tion XIII by v*. We then have 


"- ο Oe ο νο. α-. κα 
vU. 

It now becomes apparent that, since the exponent of v and the 
subscript of / agree in every individual product, it will be necessary 
to form only one complete set of products of the form, ο /. (86 in all 
for the American Experience Table), to enable us to compute all of 
the values of a, from x=10 to x=95 without performing any addi- 
tional multiplications. 

Commutation symbols—Vor convenience, we introduce a new - 
symbol, D,, to represent the product, oZ. The above equation 
then becomes | 

ου . e s TD. XIV 
x 


τος the computation of each whole life annuity will evidently require 
the summing of consecutive values of D,, it will be convenient to 
prepare a table of these summations, the symbol for which is Ny 
To be precise, we define 


ND, p Dat (FD 








06 





. letter, Ñ, but to make it distinguishable from the one already used; hence, the adoption of the “open bar Ν''. 
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Then equation XIV may be written in the very simple form, 
i Neat 





Oe, = 


= XV. 


The symbols, D, and N, and some others to be defined later, are — | 
called commutation symbols. Their values, computed.at 3% interest — 
for the American Experience Table, are to be found in Table ery x 


Illustrative πο 4. r6 E i 
Find the purchase price of a whole life annuity immediate paying | 


$600 per year to a man now aged 60. 


"The present value is d. 
AT | $6002 60 — $600 D 
: ER 60 - 
qe 55 08 59. x5 7890002 656) 
| | ^. 9,830.43 
—$6,265.61. 





4 η Example B 


Α man aged 50 buys a whole life annuity for $10,000. How md 
will he receive at the end of each year for life? 
ες R be the unknown annual payment. Then, from XV, 


$1000 — Ras —- R - d$ 
50 
Solving for R, x 15. Di: 
50. 
R= $10, 000 πρ” “810 000. 227 33 
| «$100. 73. 


TEST YOUR KNOWLEDGE OF WHOLE LIFE ANNUITIES 


15 Using equation XIII, find the present value of a. whole life annuity 
immediate of $2000 per year payable to a man now aged 90... 

16 Compute the net single premium for a whole life annuity immediate of 
$600 per year purchased by a man aged 45. | 

17 A man aged 6 purchases a whole life annuity for a net single premium 
of $5000. What income does he receive at the end of each year from this 
annuity? 

18 A teacher retires at age 70 on an annual pension, ouyable at the end of 
each μον of $1200. What is the present value of this pension? | 


WHOLE LIFE ANNUITY DUE 


In the case of a whole life annuity due, the first: payment i is i made 
at once and the remaining payments are made annually thereafter 


* The symbols, used throughout this and the followjng article are standard actuarial symbols, most of 
which have been officially adopted by the International Congress of Actuaries. The reason for the adoption 
of the seemingly odd-appearing Ne ie that originally the symbol,. Nz, was assigned to a slightly different 
function and when the newer definition, as given above, was introduced, it seemed desirable to retain the 


The older symbol, Nz, gradually became obsolete until now it is almost never used in this country, 


Ἢ 
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during the lifetime of the annuitant. The symbol for the present 
value or net single premium of a whole life annuity due of $1 per 
year issued to a man aged x is a4. Its value can be determined as 
before by assuming that each of the /, persons aged x in the mortality 
table purchases a whole life annuity due at the same time. Then, 
equating the present value of income and payments, we have 

A A la vu je log at e. καλά M 29— 
Then | 
ρα ας μα iL. cL... 


-ge /,. 


This equation becomes, after each 
term of the form, v7, 15 replaced 
by the corresponding commutation 
symbol, D,, 

Jum i. PP ee ele eo 
ar = PIC qu 
and this may be expressed more 
simply as 


) 
© 








ANNUITY VALUE (ay 
5 


N. 
2,4. ἘΠῚ 
D. Ν 
From equation XVI we see that AGE IN YEARS (x) 
Present Value of Life Annuity Due of $1.00 per 
noeh TES eRrbDeet. Des dr Da Year according to American Experience Table 
E D. ' at 3% Interest 


so that a,=1-+-a,. — . XVIII Fig. 3 


This last relationship 1s quite useful and important. It may easily 
be seen to be true by noting that the only difference between a whole 
life annuity immediate and a whole life annuity due is the payment 
made at the beginning of the first year under the latter annuity. The 
remaining payments will coincide. Thus, the purchaser of an annuity 
due receives, in effect, a payment made at once plus an annuity 
immediate. | 








DEFERRED WHOLE LIFE ANNUITY 


The present value of a deferred whole life annuity due of $1 per 
year, under which the first payment occurs k years after the date of 
the contract, may be found 1n much the same manner as the preced- 
ing annuity values. Thus, if | a; 1s the net single premium or present . 
value of such an annuity issued to a person aged x, 

p | Az ον ο Ley poet Να pa & sug Ls 
and if we divide by Z, and introduce the factor, v^, in both numerator 
and denominator, 





a 
x 


κας και E c EP xix 


Ge 


NS 
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Tt should be noted that: an annuity issued at age x, under which the 
first payment occurs at age x-I-£, can be considered as either a &-year 
deferred annuity due or as a (&-1)-year deferred annuity immediate. 


; | p Bustrative E πη 4 


A: man aged 57 is to receive annual payments for life of $500 dud. che 
first to be paid immediately. Find the present up of these payments. 


This is an annuity due. The present value is 


Ϊ s i σος 
$5002.57 re $500. aS =$500-77 Figs 51 115185 5 





-$530859.. 


i Tilush ative E B 
An individual aged 30 pays $5000 for a whole life annuity under 


which the first payment is to be made when he reaches age 65. What 


will be the size of the annuity payments? «= - ο; 
Here the present value of this deferred annuity is ο $5000, which must be 


| equal to the present value of the pay "nents. We then have 








$5000 — R- 9 35 2 lane ἃ 9 Ds 
30. 
De Di; 35.200.6 
NS ος 
R= $5000. $5000 cp GIS 37 $2563.95, 


TEST YOUR KNOWLEDGE OF ANNUITIES DUE AND DEFERRED ANNUITIES 

19 A man aged 25 takes out a life insurance policy under the terms of which 
he is to pay a premium of $18.35 at the beginning of each year for life. 
What single premium at age 25 would have been equivalent to all these 
-annual premium payments? 

20 What size annual payment for life, σης at once, can be purchased 
by a man aged 68 for $2500? ` 

21 Find the present value of an annuity to a man ded 26 of payments of 
$300 each, the first to be made when he reaches age 55. 

22 An individual aged 35 pays $5000 to an insurance company for an annuity, 
the first payment to be made at age 60. Find the annual i income under 

-, this contract. 

TEMPORARY LIFE ANNUITY 


As pr eviously defined, a temporary life annuity is one under which 
payments cease at expiration of a specified period, or at the prior 
death of the annuitant.. The actuarial symbol for an z-year tempo- 


rary annuity immediate of $1 per year to a man aged x, first paymon 


to be made at the end of the first year 18 24:3. 


To evaluate this syrnbol, let us assume that such an annuity is sted to 
each of the /, persons in the table aged x. The company then receives a total 
of Z; 24.3 dollars from the group. It pays out /,41 dollars to the survivors at the 
end of the first year, Z4» dollars to those at the end of the second year, 
and so on until finally it pays 4,1, dollars to the survivors at the end of 


7 years. It has now completely fulfilled its obligations to this group and 


\ 
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all payments cease. Discounting the payments to the date of contract and 
equating to the amount received by the company yields the equation, 


ιν ως” de α uz bl NEL S ur 
In the usual manner, this may be reduced to 
Gn -- red E Dp. FP etn T Date XXI 
Now, since ‘ 
1 ορ = DE e. T μα ορ ως... . . +D., 
Neinei = D, n1 ο ο... 
we see that 
Nari Narasi στον D d Don, 


which 15 precisely the numerator in the right member of equation XXI. This 
equation may then be written in the simpler form, 


Neai— N. 
m um MT | XXII 
It 1s left as an exercise for the reader to show that the present 
value of an z-year temporary life annuity due for $1 per year issued 


to a person aged x is 


LEE ο”. XXIII 


and the k-year deferred, #-year temporary life annuity due for $1 
per year issued to a person aged x 1s 
k | das Wiest oda ti ο 
x 
Illustrative Example A 
Find the present value of a 10-year temporary annuity due paying 
$1000 per year to a man pae 40. 


Present value 1s ¢1000. 4224 ος 


me 
= $1000. 444,394 — 243,156 


23,943.9 
= $8404.56. 
Illustrative Example B 


What annual income, payable as a temporary life annuity at the 
end of each of the next 7 years to a man now aged 21, can be pur- 
chased for a single premium of $3500? 

This is an annuity immediate; hence, 


XXTV 





m | Mm 
ουσ. ον 
Solving for the unknown payment, we have 
R= $3500 17 
Noo joe A 
$3500 (49,408.3) 


~ 1,077,510 — 779,046 
= $579.40. 


ye 
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TEST YOUR KNOWLEDGE OF TEMPORARY LIFE ANNUITIES 


23 A certain life insurance policy requires the payment of premiums of 
$33.50 at the beginning of each year for 20 years by an individual now 
aged 36. Find the present value of these premiums. 


24 Find the present value of a 30-year temporary life annuity immediate of 
$100 per year issued to a man aged 60. 


25 What annual payment, payable at the end of each of the next 15 years 
during the continued survival of an annuitant aged 43, can be purchased 
for a net single premium of $7500? 


26 On his son’s fourteenth birthday, a father pays $3000 to an insurance 
company for 4-year temporary annuity, first payment to be made to the 
son on his eighteenth birthday, to provide for his college expenses. Find 
the size of these annual payments. 


GENERAL ANNUITY FORMULA 


At this point, it might appear to the reader as if many different 
formulas, difficult to memorize, have been developed. Actually, these 
annuity formulas are so closely related that a single unifying formula 
may be developed to cover all life annuities having annual payments. 
Consider the following tabulation of the present-value formulas 
already derived: 











AGE AT DATE AGE AT DATE TERM AGE AT DATE FORMULA FOR 
TYPE or ANNUITY OF PRESENT OF FIRST _IN or Last PRESENT 
VALUE PAYMENT YEARS PAYMENT VALUE 
. Whole life: 
A : A 8 t N: 
Annuity immediate x x+1 life ω SE 
Dx 
: " Nx 
Annuity due x x life ω - 
Dx 
k-year deferred ; 
. : N«e+k 
annuity due x x+k life ω Ie 


n-yvear temporary: 


"P x Niere NE 
Annuity immediate x x--1 " x+n Seti γκι 
De 
Annuity due x x n x+n—1 Nx -— Ax-n 
Dx 


k-year deferred N-tk— κά hn 
annuity due x x+k n x-+k-+n—1 Map NEN nmr O 

The reader will readily observe that, in each case, the subscript on 
the D-symbol in the denominator of the present-value formula agrees 
with the age at the date at which the annuity is to be valued. Next 
it Is apparent that the subscript on the first Ν is equal to the age at 
which the first annuity payment is to be made. In the case of the 
temporary annuities, there is a second N-term in the numerator which 
has a subscript equal to the age one year after the last annuity pay- 
ment has been made—or, it may be said that this last subscript is 
equal to z plus the subscript on the first V. Hence, we may express 
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the latter three temporary annuity formulas by means of the 
‘expression, | 
jr NEE -Ny 
TD 


Shere 6.15 (the age at which the first annuity payment 19 made; f is 


XXV 


the age one year after the last annuity payment 15 made, or f= en; | 
and g is the age at the date on which the value of the annuity is to 


be, determined.. 

This formula abs represents the present value of the various whole 
- life annuities, since, in these cases, the value of f is o--1, payments 
being made right up to age o, the last age at which survivors exist 
according to the mortality table. "In this case, since all values of 4, 
and hence D, and N,, are 0 for values of x» o, the second term in the 
numerator vanishes. Hence, formula XXV may be used to cover 
all types of annuities with annual Eee and 15 the only formula 
that need be memorized. 

The following examples show the use of formula XXV: 


IHiustrátive Examples 


' Express in commutatión symbols the formulas for the present ae 
of each of the following annuities: 


A A 12-year temporary life annuity due issued to a man aged 50. 


Here, e=50, /—50--12—62, ¢=50, and the formula is M | 

B A 25-year temporary annuity immediate issued at age 4 40. 
dn this case, e=41, f=41+25=66, g= = 40. 

. The present value is — is ice 

v A whole life annuity ee issued at age 35. 


"Here e=36, f=96, and g=35. 


The formula, then, is Ple which, since 77/550, reduces to | 
85 


.D A 20-year temporary life annuity due deferred 10 years, issued 
toa man aged 25. i 
In this case, e=35, /=35+20 — 55, σ--25, 
| 35 — V ss 


A | 3 Se anced. 
The formula for the present value of this annuity is UDINE 
25 


Pure endowmeni 


It is often useful in ‘actuarial work to find the present value to an 
individual now aged x of a single payment to be made at the end of 
a specified period provided the individual is then alive; otherwise, 
no payment is made. Such a future contingent payment is called a 
pure endowment. 

Pure endowments are never sold σα, by insurance companies, 
but only in combination wich various forms of life 1 insurance. Α Pure 


j 
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endowment is actually the very antithesis of life 1nsurance, since 
in this case the persons who die lose what they have contributed 
while those who survive are financially rewarded. 

To develop an expression in commutation symbols for the present 
value of à &-year pure endowment of $1, assume that each of a group 
of /, persons aged x agrees to pay Ex dollars for the benefit of receiving 
a single payment of $1 at the end of k years, provided that the person 
is alive at that time. Then the company would receive /,-,#, dollars 
now and would pay out Z,,4 dollars to the survivors of the original 
group at the end of & years. This sum, discounted to the present 
date, is now worth s/s}. Equating the present value of receipts 
and expenditures by the company, we have 

νο = 0" bes py 


yk Lx ux gero ΗΝ. 








p Es m 7 sr E L , 
Dx 
τω... D." XXVI 


The relationship between pure endowment and life annuities is very 
close. A £-year pure endowment can be considered as a &-year deferred, 
one-year temporary life annuity due. 

Formula XXVI thus follows as a special case of Formula XXV, 
where 

e=x+k, f=xtkt+l, g=x. 


In this case, we have n οὓς 
x+k xv+k+1 


"uin j 
but, since the numerator is readily seen to equal D,,;, the equivalence 
of the formulas is demonstrated. 

On the other hand, each individual payment in any life annuity 
may be considered as a pure endowment, so that the present value of 
any life annuity is merely the sum of a sequence of pure endowments. 
For example, for a whole life annuity immediate of $1 per year, issued 
to a man aged x, the present value may be written 

47 uv Est Er tuk tse t ee Ἔω- α- 1E xo xEÉx, 
which becomes, after we substitute the value in commutation symbols 
of the pure endowments, 














[Desi Do Da-i Do 
A y= 1». JJ D, "p s a e d n. D 
Disi Depot GELD +Do-1t Do Na 
D. Ds ` 


Foreborne annuity 


In the preceding discussion of life annuities, we were concerned 
entirely with the problem of finding the present value of a set of 
contingent payments. This was done by finding the present value of 
the entire sequence of payments made to the successive survivors of 
a group and dividing this sum by the number in the original group. 











i 
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We thus obtained an average present value per original group member. 


This same sort of process may be used to find the average value of 
such a sequence of contingent payments at some other date than that 
of the beginning of the contract—in particular, the value at the 
termination date. This is a slightly more complicated problem than 
that of finding the amount of an annuity certain because here we have 
survivorship as well as interest to consider. The idea may best be 
understood by considering an example: | 


Illustrative Example 


Suppose that /s; PN aged 25 agree to pay $1 each into a fund 


at the beginning of each year for the next 10 years, and that, at the 
end of that time, they will divide the accumulated fund among the 
survivors. The share of each survivor will be called the value of a 
10-year foreborne annuity of $1 per year issued at age 25, and its 
symbol is 125° As before, we shall assume that the American Experi- 
ence tabular mortality will be followed precisely and that interest 
will be earned at 3%. 

In this case, we find that the fund receives a deposit of /;; dollars at the 
beginning, and this sum will have accumulated to (1.03)? /5; at the end of 
the 10-year term. The deposits at the. beginning of the second year total Zs 
dollars, which will have accumulated to (1.03)? 5; dollars at the end of the 
term, and so on for the remaining deposits. The last one, made just one year 
before the termination date, would total 44 dollars and will have accumulated 
to (1.03)/s4 dollars at the end of the term. Then the accumulated value of the 
deposits, which, by agreement, is the property. of the /:, survivors, is equal to 


ᾖᾳ5 102425 = ἘΠ 10 Jos (1.03) opt 2 e. + (1.03) los. 


: Solving for 10795» 


:ᾳ (1.03) +° 5;-- (1.05)? lost. . ο... - EQ 08V 
1 
Iss 


Now multiply both M E atid denominator a the right member by οὓς--- 


that is, by (1.03) ^3*. Then 


(1 e dost (1.03) 16 loge. η ..-Ε (1.08)-34 ba 
-o 108257 ο πο a πο we 
Or 
: 9?5 [oy-1- lags se 3 tt tay nae 4 
10496 e vet e i. VIDA 
"which may be written as _ | 
| | Dess-- Dept Dor TT Ou 
| 102/25 = i ΤῈ 
and finally as | 
| ; jg n m 
107/25 D 9 


A: peneralization of this special case yields the formula for the value of 
an n-year foreborne annuity issued at age x: 


Ne- x+n 


e ο. XXVII 


nx 
: - D 





me. 
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This annuity is sometimes referred to as the accumulated value 
of the individual survivor's payments with the benefit of interest 
and survivorship. ! 

It is interesting to note that the general annuity formula which 
we derived to represent the present value of all life annuities with 
annual payments may also be interpreted in a way to give the value 
of a foreborne annuity. We defined g to be the age on the.date at 
which the value of the annuity was to be determined; in the case of 
a foreborne annuity, this age is that at the end of the term—that 1s, 
g=f=e+n. (See formulas XXV and XXVII.) 

The following set of miscellaneous problems is designed to test the 
reader's mastery of the entire section on life annuities, including pure 
endowments and foreborne annuities. 


TEST YOUR KNOWLEDGE OF LIFE ANNUITIES BY THESE EXERCISES 


27 A man aged 68 buys a life annuity for $3500. What amount will he receive 
at the end of each year for life? 

28 Find the present value of a pure endowment of $500 to be paid in 10 
years to a man now aged 44, if he is then alive. 

29 What must a man now aged 29 pay for a life annuity of $1800 per year, 
first payment to be made at age 70? 

30 What sized annual payment can be purchased for a single premium of 
$1000, if the payments are to begin at once and continue for 10 payments 
during the survival of an annuitant now aged 53? 

31 A group of men now aged 36 mutually agree to deposit $100 at the begin- 
ning of each year for the next 8 years and at the end of that time the 
survivors are to divide the fund. How much will each survivor receive? 

32 What sized payment, made at the end of 12 years to an individual now 
aged 48 if he is alive at that time, can be had for an immediate payment 
of $2000? 

33 Find the present value of a 7-year deferred, 14-year temporary annuity 
due of $300 per year issued to a man aged 63. 

34 A man aged 35 wishes to provide for a payment of $25,000 at age 65 if he 
is then alive. What annual payment must he deposit at the beginning of 
each year for the next 30 years to pay for this benefit if the contract 
provides that no return of deposits will be made if he dies before reaching 
65? (Hint: His accumulation at age 65 is the accumulated value of a 
foreborne annuity.) 

35 A group of men now aged 21 agree to deposit $50 at the beginning of each 
year for the next 10 years and then to allow the fund to increase at 
interest until it is divided among the survivors at age 65. How much will 
each survivor receive? (Hint: The accumulation of the foreborne annuity 
at age 31 is the present value of the pure endowment due at age 65, 
34 years later.) | 

36 How much must each member of a group of men aged 27 deposit at the 
beginning of each year for the next 20 years if each of the survivors is to 
receive $10,000 at age 60 when the fund 1s to be divided equally among 
them? What would be the size of the deposits if the estates of those who 
died before reaching age 60 were also to share in the division? What 
would be the size if these estates were also required to continue making 
deposits just as 1 the individual were still alive? 





[Νο 


one organization. In such instances, i 


( 
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LIFE INSURANCE| 4s has. been pointed out, previously, life 
NET PREMIUMS | Insurance is possible on a scientific basis only 

( : when a large group of persons is insured under 
reasonable care has been 

exercised in the selection of the insured persons so that they constitute 
the kind of group to which the assumed mortality table is applicable, 
the mortality to be experienced may be predicted with considerable 
accuracy under normal conditions. Under these assumptions, it is 
possible to calculate the amount which the various individual insured 
persons must pay in order to provide the desired benefits. to be paid 





at the death of each. Obviously, wars, epidemics, or other catastrophies | 


might conceivably invalidate predictions of any kind. In actual 
practice, prudent management provides for margins of safety so that 
almost any probable deviation from the predicted mortality can be 
withstood. : | : | 
We shall consider only the types of life insurance issued by so-called 
"old line” or /egal reserve life insurance companies. At the present 
time, this sort of scientific insurance is also issued by a number of 
fraternal insurance associations. | ! 


~The written contract embodying the terms of the insurance agree- 
ment is called. the 2o/icy, and the insured person is called the poZicy- 
holder or the insured. The amount to be paid by the company, or 
insurer, is called the denefit, and the person to whom the benefit is to be 


paid in the event of the death of the insured is called the beneficiary. 


during his lifetime. | | 

In return for the contracted benefit, the policyholder agrees -to 
make to the company one or more payments, called gross premiums. 
These premiums are, of course, payable only during the lifetime of the 
policyholder. The date on which the contract is entered into is called 
the date of issue or policy date and each anniversary. of this date is 
called a policy anniversary. The successive years after the date of issue 
are called policy years. Thus, the first twelve months following. the 
issuance of an insurance policy constitute the first policy year; immedi- 
ately after the first policy anniversary, the insured has entered his 
second policy year. The age of the insured at the date of issue and at 
each succeeding policy anniversary is taken to be that a£ Ais birthday 
nearest to the date in question. | 


In certain instances, the benefit is paid: to the: policyholder himself, 


Types of insurance 


"There are three basic types of insurance: whole life, term, and endow- 
ment insurance. Sometimes policies are devised which consist of 


‘various combinations of these three basic types, but they can always 


be analyzed into their component parts. | 


« 


Under a whole life policy, the company. is obligated to pay the death 
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benefit to a selected beneficiary at the death of the insured regardless of 
when it may occur. 

In the case of a term policy, the death benefit is due only if the insured 
dies. during a specified period of years, and the policy becomes valueless if 
the insured survives this period. | | | 

_An endowment insurance policy provides for the payment of the face 
amount, or amount stated in the contract, at the expiration of a ‘specified 
term of years if the insured is then alive or at his death if it occurs prior to 
that time. i 


ASSUMPTIONS 


The premium which should be paid for the benefits provided in any 
policy may be readily calculated on the basis of the same three as- 
sumptions made in the case of life annuities, plus one additional 
assumption. These are: 

That the mortality experience will follow the mortality table exactly; 

That interest will be earned at the specified rate; 

That no overhead or other expenses of any kind are involved; and 

That all death benefits will be paid at the end of the policy year in which 

death occurs. 

Under these assumptions, the present value at the date of issue of 
the payments to be made to the company by a group of policyholders 
must exactly balance the present value on the same date of the pay- 
ments to be made by the company to the group. A premium computed 
on such a basis is called a net premium. 


In actual practice, of course, expenses do exist and must be provided 
for, and allowances must be made for contingencies of various kinds, so 
that the premiums actually paid by the insured, called gross premiums, 
will be greater than the corresponding net premiums. The difference 
between net and gross premiums is called the loading. 


In this section, we shall consider only net premiums, assuming an 
interest rate of 3% and a mortality equal to that of the American 
Experience Table. As stated in the preceding matter, we shall also 
assume that death claims are paid at the end of the year in which 
death occurs. This assumption is not in strict accordance with the 
facts, as for many years American insurance companies have paid 
death claims immediately upon receipt of proof of death, though they 
still compute net premiums on the basis of this assumption. 


WHOLE LIFE INSURANCE 


Single premium — Under the terms of a whole life policy for $1 
issued to a person aged x, the company agrees to pay $1 at the end of 
the policy year in which the insured dies, regardless of when that 
death may occur. The present value of this benefit is called the ze 
single premium and is the amount which the insured would pay for the 


benefit if he agreed to discharge his entire obligation to the company 














| x is the symbol for the net single 
premium. | (3 


of the beneficiaries of the dẹ persons 


| 


year, the company pays $1 for eac 





cd i 7 
} 
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in one installment at the policy date. Such single premium policies 


are actually sold, but not in large numbers. 


. To compute the net single premium for a whole life policy for $1, we 


.assume as before that each of the 4, 
persons alive at age x according to 
the mortality table’ purchases such a 


policy on the same day. The company | 
receives a total of /, Ax dollars from ~ 9800] 
tlie group on the date of 1ssue; where : 


"At. the. end of. the first policy 
year, the company pays δὶ to each œ ` 


who die during the year. Discounted ^ 
to the date of issue, these death © 
benefits have a present value of = 
Ü «d. | 

At the end of the second policy 





of the 4,41 persons who dies during ᾳ 
that year. Discounted to the present, . AGE IN YEARS (x) 
this amounts to v?dy Ade lf t 19 pro- Net Single Premium for Whole Life Insurance for 
cess is carried out to the highest $1000 (American Experience Table: 3%) 
age existent in the table and the Fig. 4 

present value of the company's re- - 

ceipts is equated to the present value of its payments, we have. 


lr As=vdr} dyrt dad"... d 9*4. XXVII 


. Asin the case of life annuities, we divide both members of equation XXVIII 

by 4, and then multiply numerator and denominator of the resulting right 

member by o”. This yields p ME | 
i A UU κο deat ο ο -Hoti d, 

We note that this formula is quite analagous to the expression obtained 

for a4. It may be simplified in appearance by defining two new commutation 


symbols. ‘First, let C,=o*+!d,; then | | 





If we now define Ms=Cs +t νι νο... C. the final form for the 
expression for 77; becomes | : | | | ο 
| A, e : | XXX 


Annual premiums—Few persons care to ας single premium 


policies. It is much more common to pay for insurance benefits by. 


means of equal annual premium payments made either throughout the 


entire length of the policy or for a shorter period. Since such. annual 


insurance premiums are payments of equal size, made at the beginning 
of each year only in the event of the survival of. the insured to the 


z) 
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payment date, they constitute a life annuity due. (The payments are 
contingent in this case upon the survival of the payor rather than the 
payee, but this difference has no effect upon the mathematical compu- 

tation of present value.) . | | | x : pon 

When a whole life policy is paid for by annual premiums payable 
throughout life, the resultant type of insurance is called ordinary life, | 
and is the most popular of all forms of life insurance. | | 

Let us find the annual premium, δα, for an ordinary life policy issued at 
age x. The insured, if he were to pay for the benefit in one payment, would 
pay 4, at the date of issue. Instead, he seeks to substitute a life annuity 
due of P, dollars per year for this net single premium. Hence, : 





ete Prax=Ax, DE ar | $ 150 

or ; ἕω ο» 
7 | $ 140 

un edo OXSCNI 
pap E ND $ 130 
The value of P; may be expressed in | 
commutation symbols as | $ 120 
Μ.Μ. | $ 10 
E τ SUN CS ο. ο 
P,= T XXXII $ 90 
κ προ, 


'This value could have been ob- 
tained by the same method used so 
frequently heretofore — that is, by 
equating the discounted values of 

i present and future payments /o 
the company to the. discounted 
value of all future payments dy the 
company. The reader will find it 
instructive to go ‘through this ¢ 20 
derivation. | | | 
. Limited payment policies — If 
the insured elects to pay his obliga- P USER WO ao πο, 
tion by means of a limited number AGE IN YEARS (x) ee 
of premium payments (say, m pay- 
ments), these constitute.an. zz-year 
πας hfe annuity due Aos 
value at the policy date is ,,P.° a,:m, | : 
where mP» is the size of the premium for an m-payment whole life 
insurance policy for $1 issued to a man aged x. We then have 
| R re «ἄχει x. : 


ANNUAL PREMIUM (IO00 P.) 
« 
og 
e 





Net Annual Premiums for $1000 of Ordinary 
Life Insurance (American Experience Table, 3%) 


, Fig. 5 


from which 





cpi | | 
| peal ae XXXIII 
Ὁ E εχ: πὴ od 
and, in commutation symbols, : | 
M 


LB. XXXIV 
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Values of C, and M, are to be found in Table LXXXV with the 
values of D, and N, used previously. 

All insurance and annuity computations can be made with the aid of 
the commutation columns alone. However, for more rapid computation 
in later and more involved problems, it is usual to use some derived 
tables, some of which are included in this volume. Thus, values of 
a, and £, for all ages are to be found in Table LX XXIII. (it is re- 
commended that, at this stage, no use be made by the reader of any 
derived table until he 1s thoroughly familiar, by actual practice, with 
the methods for finding annuity values and insurance premiums by the 
use of commutation columns alone.) 


Illustrative Example A 


Using fundamental equation XXVIII, find the net single premium 
for a whole life insurance policy of $1000 on a life aged 93. 


The single premium is equal to 


$1000 4,,—81000 1-03) 7! 2+ (1.08) * duct (1.03) 7 dos 


los 
o. (0.970874) (58) + (0.942596) (18) + (0.915142) (3) 


= $100 ΤΟ 


= $962.31. 
Illustrative Example B 


Find the net single premium for a whole life insurance policy for 
$5000 issued to a man aged 30. 


The net single premium 1s 


$5000 ώ so = $5000 9 





90 


= $1928.21. 


Illustrative Example C 


What amount of whole life insurance could be bought for a single 
premium of $1000 by a man aged 505 

Let F equal the face amount of the policy—that is, the amount of death 
benefit which the policy promises to pay. Then | 


$1000 — F . 4,9 F- d 
50 





or 


F’=$1000- 77 


—$1801.11. 








$e 





te 
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oa 1s Exemple I D | 
Find 13 net annual premium for an ordinary life policy Ec $100 
issued at age 21. 
"The net annual premium is 


$1000 Pa «$1000. Mac 


Ναι 


; 16,5854 
-$1000 1126919 


E $14. {ex 


T istrative Example E 


Find τη net annual prémium for a twenty-payment life policy for | 
$2000 issued at age 29. 


The net annual prémium 15 


' 82000 * 2029 -$2000. 


L 


Msg 
JV 29 — Nag 


13,871.0-- 
-$2000. TIS 046 259,774 
d 


TEST YOUR KNOWLEDGE OF WHOLE LiFE NET E 


37 Find the net single premium for a whole life insurance policy of $1000 
on the life of a man (a) aged 25; (b) aged 55; (c) aged 85. | 


38 Using equation XXVIII, find the net sinple premium on a whole life 
. insurance policy for $2500 to a man aged 9. 


39 How much whole life insurance can a man aged 42 purchase for a net 
single premium of$500? .᾿ | 


40 Find to the nearest cent the net annual premium for each of the follow- 
ing policies of $1000 each issued at age 29: (a) ordinary life; (b) ten- 
payment life; (c) thirty-payment life. 


41 What amount of twenty-payment life insurance could be purchased. for - 
an annual premium of $100 by a man aged 21? 


TERM INSURANCE E 


An insured under a term insurance policy is protected for only a Ἢ 
limited period—that is, if his death occurs during the specified period, 
his beneficiary will receive the face amount of the policy but, if he. 
survives the period, the policy expires without value. 

Sometimes a term policy carries with it an extra privilege in the 
form of the right to convert the policy into another form of insurance 
(e. do ordinary hfe), without a medical examination, before the term 
policy expires. Some term policies are renewable; this means that at 
the expiration date the insured may take out another policy of the 
same kind and amount without taking a medical examination. Often 
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these two features are combined so that some term policies are both 
renewable and convertible. 

It is obvious that it is costly for the company to offer these features, 
since persons whose health fails during the term period and who 
thus could not otherwise obtain life insurance protection will almost 
surely avail themselves of these privileges. On the other hand, persons 
in excellent health at the expiration of the term policy find the priv- 
ileges of little value since they can obtain insurance anywhere by 
passing a medical examination, and some are very apt to insure in 
other companies. Thus, there is almost sure to be a certain amount of 
"selection against the company". A term policy containing one or 
more of these features must bear a higher premium than a regular 
term policy without the features. The computation of such a higher 
premium is too complicated to be considered here. 


Net single premium—tLet us derive an expression in commutation 
symbols for the net single premium for an z-year term insurance 
policy for $1, without any of the special features described above, 
issued to a person aged x. As in our preceding work, we assume that 
all Z, persons aged x in the life table apply for and receive such a 
policy. Then the company receives a total of Le- 4}:m dollars at 
once and pays out de dollars at the end of the first year, 7,41 dollars 
at the end of the second year, and so forth until the final payments 
totalling 4.4.4.1 dollars are made at the end of the wth year. There- 
after, no more death benefits are to be paid. If we discount each of 
these payments to the date of issue and equate the sum to the amount 
paid to the company, we have 

b> Alim=s0de bu? detit le leyna O uda ch XXXV 


x 


Solving for 41:a, introducing v^, and substituting commutation 
symbols as before, yields 


41 cet beg Cerat : κ ει XXXVI 
N A 1 Ps 
NOW, SINCE 
Mg Cet ὅτι, . 6 μη 1 yank è e ο oe 
and | 
Mx Gata T e ο 6 +Co 5 


it is evident that the numerator in the right member of equation 
XXXVI may be written as M,— M,,,, so that we have 


Ham M XXXVII 


The net single premium for a term policy is, of course, considerably 
less than that for a whole life policy. Nevertheless, it is not common 
for even such single premium policies to be sold. As a usual thing, 
the insured pays for the protection offered by a term policy by means 
of annual premiums payable throughout the entire term of the policy. 
Occasionally, in the case of a term policy which extends over a long 
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period of time, as 20 or 30 years, the number of premiums will be less 
than the number of years included. For example, one may take out a 
twenty-payment, thirty-year term policy. We shall develop formulas 
for the annual. premiums for these various cases. | 


Annual premiums—For an n-year term insurance with 7 premiums, 
these annual premiums ‘constitute an 7-year temporary life annuity 
due, and hence we have | | |... | 

CE Plo 23.2—24l)um. 

Solving: for Pza, UE ! 
3 s Pias R ο XXXVIII 
λ αντε 

In commutation symbols, equation X XXVIII becomes 

3 i | RS | Me Mihin f Δ. Nan 


ο Mass Me Maes 
ος Di | 
My — M 
Plage σι XXXIX 
MN. -— Naan 


For an m-payment, z-year term insurance, the annual premium 
would be ae | 


Zl: 
ml sz 3 





and, in commutation symbols, MEN 
pl M Main XL 
A Neem : 


Theoretically, the annual premiums could be spread out over a 
period of any length up to the whole of life. Practically, however, the 
length of the premium-paying period never extends beyond the date | 
of expiration of the term of the insurance protection. The reason for 
this restriction appears obvious. 


Natural premium-—lhe net single premium for a one-year term 
insurance of $1 issued to a man aged x 15 called the natural premium at 
age x and is denoted by the symbol, cx The value of c, expressed in 
commutation symbols may be readily found as a special case of 
equation XXXVII by letting z= 1 and substituting C, for the resulting 
binomial, M;— Mz,;. Thus à EE 

| E ad. 
Cop D. XLI 


The natural premium represents the cost of protection of $1 at each 
age. This cost Increases year by year, slowly at first, but rapidly at 


the higher ages. For example, the natural premium at age 25 is $7.78 


per $1000 while the premium for an ordinary hfe policy 1ssued at that 
age is $15.10. However, at age 60, the insured will still be paying 
only $15.10 under the terms of his ordinary life contract, while the 
natural premium at that age is $25.79 and rising rapidly. There are 
some. persons who believe that all life insurance should be written on - 
the annual renewable term plan, but the public has shown a decided. 
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preference for insurance paid for by means of level premiums rather 
than by premiums that increase each year. 


Illustrative Example A 


Find the net single premium for a five-year term insurance of $1000 
on the life of a man aged 42. | | 


"The single premium is | 
$1000 4:3 — $1000 E 
42 


3 10,549.1 —9,473.08 
ο ρα 


= $48.63. 
Illustrative Example B 


Find the net annual premium for a twenty-payment, thirty-five-year 
term insurance policy for $10,000 issued to a man aged 30. 


The annual premium is 
Mao — Mes 
$10,000 so, PA. = $10,000 i7, 
13,574.8 — 5,224.80 
= 910 000-745 481—243,156- 
= 5167.22. 


TEST YOUR KNOWLEDGE OF TERM INSURANCE PREMIUMS 


42 Find the net single premium for a ten-year term policy for $3000 issued 
to a man aged 24. 

43 How much three-year term insurance can be bought by an individual 
aged 51 for a net single premium of $50? 

44 What is the annual premium for a fifteen-year term policy for $1000 
issued to a man aged 39? 

45 Find the premium for a one-year term insurance policy issued to a man 


aged: (a) 20; (b) 35; (c) 50; (d) 65; (e) 80. 
ENDOWMENT INSURANCE 


Under the terms of an endowment insurance policy, the company 
agrees, 1n the event of the death of the insured during the specified 
period, to pay the face amount of the policy to the beneficiary at the 
end of the year in which death occurs and, in the event of the survival 
of the insured to the date of maturity (the end of the period), to pay 
the face amount to him. It is evident that this policy contains an 
appreciable investment element as well as protection and must be 
more costly than the forms of insurance studied previously. Let us 
derive the value of the net single premium in commutation symbols. 


Single premium—The company, upon insuring 7, persons aged x un- 
der single premium z-year endowment policies for a face amount of $1 
each, would receive a total amount of /,4,:a dollars. In return for this, 
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the company would pay out ds det ών ο. y day c 17d0llars; respec- 
tively, in. successive’ years in death claims over the z-period. In 
addition, it would pay out one dollar to each of the Z+» survivors on 
the dàte of maturity. lf we discount each payment to the date of 
issue and equate the present values of company receipts and dis- : 
bursements, we have : 


Asie vds? σα ον . te" daa. Uer es 3 XLII 
By the usual steps, this may be ted to 
ae ce EE '.,..... 
and then το. M up LU ee a : | 
ΜΉΝ XLIII 


From. equations XXVI, XXXVII, and XLIII, we see that the net 
single premium for an z-year endowment insurance policy for $1 
may be analyzed into two portions: the single premium for an z-year 
pure endowment of $1 plus the single puse for an z-year term 
insurance of $1. That i 1S, 
Ag: in nEx- dl ime l XLIV 
An analysis of the benefits as desenibed at the beginning of this para- 
graph would result in the same conclusion. 


Annual premiums—As in the case of term insurance, it is customary 


to pay for the benefits of an 7-year endowment insurance policy by 


means of annual premiums paid throughout the entire period of the 
policy so that such premiums form an 7-year temporary life annuity 
due. The value of the annual premium is found to be 


P τς — Mises Drin 
| | Lu δι Nun | 
Premiums may be paid over a shorter period than » years. The 
formula for the annual premium for an m-payment, z-year, endow- 
ment insurance policy for $1, where m is less than 71, is 
! M,— νεα Din 
Mac cui PN ES 


XLV 


mD yum XLVI 


Ilustrative Example 


Compute the annual premium, payable for 10 years, on a twenty- 
year endowment insurance for $1000 on a man aged 30. 
The premium is 


$1000 rPaogg =$1000 . x= Mst Doo 


Nso—- Nao 
13,574.8-8,840.57 --15,922.8 


ορ ο πρι -444301 


=$69.30. 


/ 


----., --..-----. 
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TEST YOUR KNOWLEDGE OF ENDOWMENT INSURANCE PREMIUMS 


46 Compute the annual premium for a twenty-year endowment policy for 
$2500 issued to a man aged 26. 

47 How much single premium, thirty-year endowment insurance can be 
purchased for a net premium of $2000 by a man aged 48? 

48 How large an endowment policy maturing in 15 years can be purchased 
by an annual payment of 5100 to be paid each year for 10 years by an 
individual now aged 45? 


DEFERRED INSURANCES 


While it is unusual for an insurance policy to be sold which pro- 
vides that the protection does not begin at eu but only after the 
expiration of some stated period, the concept of such a deferred insur- 
ance is occasionally helpful in actuarial calculations, particularly 
those pertaining to combination policies or to modified reserves. For 
this reason, we shall devote some attention to various types of deferred 
insurances. 

The single premiums for deferred whole life, term, or endowment 
insurances may be derived by the same method used so frequently in 
the preceding pages. However, it is shorter to use an alternative 
method here which is best shown by means of an example. Consider a 
ten-year term insurance for $1, deferred for 5 years. This means that 
the insured is protected from the sixth year to the fifteenth, inclusive. 
It is evident, then, that this policy differs from a straight fifteen- year 
term insurance only in that 1t omits protection for the first 5 years; 
hence, it is equivalent to a fifteen-year term insurance minus a five- 
year term insurance for the same amount and at the same age. In 
symbols, we write 

5 | Alig = iq 225. 


In general, a &-year deferred, z-year term policy would have a net 
single premium equal to 


ΛΙ, -- Mz. M, — δ... 
Ae ο lx ος ὃς τς eR πο me 


De |a» 
E m ch. ue ος XLVII 


x 








Similarly, it is readily seen that a &-year deferred whole life i insurance 
for $1 has a single premium equal to that of a whole life insurance 
for $1, with protection beginning at once, minus a &-year term in- 
surance for the same amount. In symbols, 


pi" SD ᾽ 





p| dm As — Ag 


My 


p. XLVIIT 





6 τ | y= 





> 
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In the same manner, an z-year endowment insurance of $1 deferred 
for k years has a single premium equal to the difference between the 
net single premiums for an (z--&)-year endowment insurance and a 
&-year term insurance, both for the same amount. In' symbols, 


denm Ίπτῃ-- dig | | 
Ma Μη Dernek Mz Mz 
D IL 


Mie 244 4k V Dewan *ILIX 
= το EUIS aie) ts A 


Formulas for annual premiums are readily obtained from those for 
single premiums by dividing the corresponding single premium by the 
present value of an annuity due at the proper age and for the proper 
number of payments. 


Illustrative Example 


A certain life insurance policy issued at age 30 is to be paid for by 
means of 20 annual premiums. In event of the death of the insured 
within the first 10 years, the death benefit is $1000; thereafter, it is 
$2000. Find the net annual premium. 

. Let P denote the net annual premium. Upon equating the present value 
of the net premiums to the present value of the benefits, we have 


P goi] = $1000 A ον το +$2000 το] £30 


91000 1507 M404 g2000 eti, 
1240 790 H 
Then, 
M+ Mao 
P-$1000 . ——— —— 
Ῥ n Aso — IV sg 
—$49.22.- 


General insurance formula 


A single unifying formula may be developed for insurance benefits or 
single premiums for whole life and term insurances similar to that 
developed for the value of annuities. Consider the following table of 
single premiums for whole life and term policies already derived: 


AGE AT DATE AGE WHEN TERM AGE AT 
POLICY OF PRESENT PROTECTION IN END OF SINGLE PREMIUM 
VALUE BEGINS YEARS TERM 
; ‘ Mz 
Whole life x x life ω --1 ας 
Dz 
&-year deferred | Mr+e 
hole life x xtk life w +1 as 
Mz—Mr-- 
n-year term z £ n xn Merket 
» 


k-year deferred : PT : Mz-Fk— Mz κ--π 
n-year term di RSEN τ αμ. Dr — 











vus d 
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E rom this table, it is apparent uiis a general formula for the single 
premium for any of the benefits listed may be written. 35. 


o Me My" 
Emo L 
where e is the age at the beginning of the term; 
AA f is the age at the end of the term, or f= edm, ~ 
and. g is the age at which we wish to value: the: insurance—the age at 


issue in all the cases considered heretofore. 


We note that, in the case of whole life policies, since coverage 
extends through the entire table, f=w+1 and, since Μο th 
second term in the numerator vanishes. 

"This formula does not cover endowment i insurance, but this i ls not a 
serious matter, inasmuch as the formula for the single premium of any 
term policy, expressed i in commutation symbols, can be converted into 

that for an endowment insurance policy for the same term and amount 


and at the same age merely Dr the addition of the term, D; to the 


numerator. 

Given the formula for the single premium for an insurance benefit, 
we can find the annual premium payable for any specified number of 
years by dividing the single premium by a life annuity of the appropri- 
ate type and number of payments. 


Accumulated cost of insurance 


A term insurance policy could, theoretically, be paid for by the 
survivors at the expiration of the term, and we can compute the value 
of the single premium to be paid at that time. It is obvious that no 
such policy would be issued, but the notion of this accumulated cost of 
insurance is of value in the subsequent study of reserves. Let us 
compute this net single premium payable at the end of the term. 

As before, we assume that /, persons take out an z-year term insurance 


policy for $1, but this time only the survivors of ae n-year period will pay 


the cost. 


At the end of the #-year period, hese company will receive /s+n nks dollars, 


where „ks represents the accumulated cost of insurance. 

Meanwhile, the company will have paid out dẹ dollars in death claims at 
the end of the fitst yéar, 4,41 at the end of the second, and so forth, until 
it paid out dsn- iat the end of the zth year. 

he first set of death claims will have ο ον το (1 λα. by the 
end of the period; the second set to (1.03)?- 2 dais etc, 


Equating the value of company payments, accumulated to the end of the | 


term, to the value of the company’s receipts at that time, yields 
Len * ak (1.09) 1 det (03)? ei. Adaka. 
Multiply both sides Y vt^, substitute commutation symbols, and then 


divide both sides by Dzin. This yields 


CoEC Eb. ot Ct ne ng M Meis Sce LI 
DET x μας s 


the latter being a simpler ος. 


nks= 
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This formula also is a special case of the general insurance formula, 
where e=x, the age when benefits begin, 
f=x+n, the age at the end of the term of protection, 
and g=x-+7,the age at which the value is to be determined—in this case, 
at the end of the term. 


Relationship between net single premiums and annuities 


A useful relationship between net single insurance premiums and life 

annuities may now be developed. We begin with the definition of dx: 

dai. 1» 
i tt = a uv ae) A 575... 

Then, from the definitions of the commutation symbols, 
C.=0D2— Dea 

This is a general relationship, valid for all values of x from the initial 

one up to the end of the table. If we sum each side of all such equations 


from any given value of x up to the end of the table, we have 


Cr Cru D 4C, —2(D- Di eee DS 0D gt Deret ο... uS 


d Μ.--υΝε--Ν'εει. 
Now, dividing both sides by Ds, 





M. oN, N | -YEAR 
Du do Dy 
Or 20 -YEARZZZZ 
| Ag = Vag d. LII TERM ΚΑ 
This last equation may be eX- ORDINARY 
pressed in another form by defining LIFE 


d, the rate of discount, as equal 2o niae 
το 1ο. Ἔπας is, LIFE. 





CAE ΜΕ νο κας Ἡ | 20 - YEAR 

Bcc og. bag. iur itr: ENDOWMENT! 
=] —y, à 

so that 1-4. 


: | O $10 $20 $30 $40 $50 
p se 1 fo z ΗΑ ed ue NETANNUAL PREMIUM FOR $1000 POLICY 
Ay=(1+d)az~(az—1)=1—deaz. LITE Ghaded) and 50 lunhaded) for Varus Typs 
A similar relationship between of Policies 
the single premium for an endow- Fig. 6 
ment insurance and.a temporary life annuity may likewise be derived. 
The following set of miscellaneous problems is intended to test the 
reader’s mastery of the entire section on life insurance net premiums, 
including the accumulated cost of insurance: 


TEST YOUR KNOWLEDGE OF LIFE INSURANCE PREMIUMS 


49 What amount of ordinary life insurance can be purchased by a man of 18 
for $20 per year? 

50 A whole life insurance policy for $1000 taken at age 25 provides that 
the. insurance of the first year is term insurance, and thereafter the 
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insurance is an ordinary life policy. What is the net premium for T) the 
first year, and (b) any subsequent year? 

51 Find the single premium for a $1000, thirty-year endowment | insurance 

issued. at age 23. 

52 A man aged 32 agrees to pay $35 per year for a ten- year term insurance 
policy. What is the face amount of the policy? 

53 Find the accumulated cost of i insurance at the end of 5 years on a $1000 

policy Aus at age 44. 

54 A certain. often called a “modified life” ee vids a death 

benefit of £7000" and extends through the whole of life Each of the first 


Ὁ annual premiums is exactly one-half the size of each of the remainder | 


of the premiums, from the sixth year onward. Compute the size of 
both types of premiums for such a policy issued to a man aged 25. 

55 An endowment insurance policy at age 33 has a face amount Suficient 
to provide the insured with a life income of $600, first payment at the 
maturity date of the endowment at age 65. If annual premiums are 
payable up to age 60 (7.e., there are 2d premiums), find their size. 

56 Derive the relationship, 

Ax: m= VAx: πάει 1 — ile. 


VARYING INSURANCES Heretofore we have’ considered only 

AN D ANNUITIES annuities which consisted of payments of 
Stine form size and insurances, under which 
the size of the death benefit remained constant throughout the term 





of the policy. There are policies written under which the insurance 


increases (or decreases) at a constant rate and occasionally one finds 
a policy under which premiums increase (or decrease) regularly, at 
least for a time, so that it 1s of more than rad ο interest to study 
varying annuities and insurances. 


increasing and decreasing life annvities 


"Let us consider a whole life annuity due issued to a man aged x, 

which provides that the first payment (at age x) shall be $1, the second 
payment shall be $2, the t tud payment shall be $3, and soon. We shall 
say that such an annuity has a step of $1. Looking at each individual 
payment as a pure endowment, the present value o 


ments, and we then have . 
(la) n= Ds+2D;y1 43D . ο μα 
Το simplify this numerator, note that. | 
Ν.ΞΞ Γι -Όκ κι Ὀς νε Dia. E F +D; & 


y x4-177 Dzi t Drz t Drt}. eure ο 
Nz42= Dz+2+4Dr+3+ 39.9... --D,s 
N, = bios X = D: 


If ὥς add these equations, the sum of the right members will equal the 


the entire annuity, | 
ο (a), will equal the sum of the present values of these pure endow- 


+ 
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numerator in the above fraction. Hence, it may be replaced by the 
left member—that is, by Νε Νιλ. « HNo so that 
Λι Nri Nett s x o* +N, 
persi Si ER CDU: σος 
The form of this expression may be further simplified by the intro- 
duction of a new commutation symbol, Ss, which is defined by 
ὃ--- Ν.. Neri t Nas . > 8 Tus 


Then we have | (I2). 75. LIV 


In like manner, it may be shown that the present value of an in- 
creasing whole life annuity immediate is 
(19 RH. LV 
Values of S, appear in Table LXXXV. 
It is fairly easy to see that the present value of an z-year temporary 
increasing life annuity due, with a step of $1, to a man aged x would be 
(Ja) ^ DzE2Deer SD e Vasco 


To simplify this, note that | 
Να Νις Der Did Dies . e o zu DP. 





Nu Nuus Dit Diis y ue ig ET 
ANs.c2— 4 l xn — Ελα $-* ᾱ +- Dyan 18 
VAS te xn Dean-s 


τ 


Summing these z equations, we have 
Ni NE. v Nate . e œ denim ΙΡ Da Λα ωρα. s 
T D n i . 
The right member is the numerator of the expression for (/2a),:3 above. 
We may then write 
— Nat πώ σαν e» è - Nica n—1— AN 
(1a) «: n\ ff ase, yee Se le SUN ELE Mn 
From the definition of S, it is evident that 
l Heard ea get s pos FN tinei Sx A 
so we reach the simplified form, 
TR ET 
O jas E 
Similarly, for the z-year temporary increasing life annuity immed- 


ate, we have ( Io), EE e en, LVII 
. An n-year temporary decreasing life annuity due with a step of $1, 
Issued to a man aged x, pays z dollars at age x, 7—1 dollars at age 
x+1, n—2 dollars at age «+2, and so on until the last payment of 


LVI 

















Tu 





$1 is made at age x--z —1. The present value of this annuity may 
be derived in a manner analagous to that used above for increasing 
annuities. An alternative method consists in considering such a 
decreasing annuity as the difference between a level z-year temporary 
‘annuity -due for z-F1 dollars and.àn z-year temporary increasing 


annuity due with a step of $1. In this latter case, we have © 


ο... oA 1 AN. — I xn Sx — Sa pn — UN en : 
= (7-+ ) νε (ken o Uu cop a, 
i x 


D3 
aNs- (S, — Nx) + (S; i 2E ASD) UN rin INS en 


\ 


κα 
Nsm S. "x En-4-T VALE 
n x eit AEWRE ; E s . LVIII 
Various combinations of level and increasing or decreasing annuities 
may be devised, and their present values obtained, either directly or 
by analysis into their component parts. | Ἐν 





Illustrative Example A 


Find the present value of an annuity to a man aged 31, which pays 
$250 at the end of the first year, $300 at the end of the second, and so 
on, the paymerts increasing by $50 each year until $500 16 paid at the 
end of the sixth year, after which payments cease. _ | 

‘This annuity can evidently be considered as the sum of a level annuity 
of D per year plus an increasing annuity with a step of $50. The value 


| $200 231:3-1-950(72)31:8 = $200 9 ο. $ ο. 


^ 


: $200(673,396 —495,187) --$50(10,774,650 — 7,199,753 — 2,971,122) 
NE Te BRS ο ο ση 
—$1942.63. 


Illustrative Example B 


. Compute the present value of an annuity to a man aged 40 which 
pays $10 at the beginning of the first year, then $20, $30, etc. until. 


$100 per year is reached, after which payments remain at this level 
for life. : EA : 

This annuity can be considered as a 10-year increasing annuity due with 

a step of $10, plus a 10-year deferred level whole life annuity due of $100. 

The present value is | : ! 


$10 (1. 3)10:19-1- 9100 10/240 : | i 
x | Sio— Ssom 10Ns0, e Nso | S40 — Ss 
=$10 e Dao | πο ος Dap ΝΘ Day | 


qu 6,235,271 —2,763,049 _ 
=$10- 535939 58149.77. 
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Illustrative Example C 


Find the present value of an annuity to a man aged 53 which pays 
$1500 at the beginning of the first year, $1250 the second, $1000 the 
third, and decreasing thus to zero. 

This decreasing annuity will run for 6 years and has a step of $250. Its 


present value is 
ΘΝ. e Sab Seo 


$250(Da) 3:4 =$250 - D- 


1,184,406 — 1,884 1724-971, 120 . 


= $290 - 


TEST YOUR KNOWLEDGE OF INCREASING AND DECREASING ANNUITIES 


57 What should a man aged 26 pay for a whole life annuity paying $10 at the 
end of the first year and increasing by $10 per year thereafter for life? 

58 Find the present value of a life annuity to a man now aged 61, beginning 
with an initial payment at once of $500 and decreasing by steps of $25 
per year to zero? 

59 What is the present value of a life annuity to a man aged 47 beginning at 
the end of the year with a payment of $25 and increasing by $5 per year 
until a payment size of $100 is reached, after which the annuity px 
remain constant throughout life? 

60 A man now aged 36 has a temporary life annuity with successive pay- 
ments of $500, $450, $400, $350, $300, and $250, the first payment to be 


made immediately. Compute the present value of this annuity. 


61 Find the present value to a man aged 48 of a life annuity which pays 
, $600, $700, $800, $900, $1000, $900, $800, $700, $600, and $500 at 


the beginning of each of the successive years. 


Increasing and decreasing insurances 


Probably the ‘most common applications of varying insurances 
arise in the following cases: 


a Most states limit the amount of death benefit payable on children, 
so that it is usual for children’s life insurance policies to provide for a 
benefit which increases in the early years to the ultimate level which is 
maintained thereafter. 

b Some companies issue policies offering protection iud tapers off in 
the later years of life. The theory 1s that a man's estate increases with 
his age and his responsibilities to dependents decrease with age; hence, 
his need for life insurance protection tends to decrease. 


c Deferred annuities paid for by annual premiums are sometimes sold with 
the guarantee that all premiums paid will be returned if death occurs 
before the prospective annuitant has entered upon his annuity payments. 
Sometimes insurance policies are sold with the "feature" that all pre- 
miums paid will be returned upon the death of the insured in addition 
to the payment of the face of the policy. Policies of this sort are known 
as return of premium policies. They will be discussed in detail on pages 


938 and 939. | 














Let us consider. an increasing whole fe; insurance Vibe which the 
death benefit is $1 the first year, $2 during the second year, $3 the 
third, and so on for life. The single premium for such a policy issued 
at age x is C-2C4a3Cua..-c(o—-x-1)6. © 

| LA) <= SO eens) (0 uU 
which, as in the analagous case of the 1 inereasjng whole life annuity can 
be written more simply as 


d.n, - EM Mean . ME 
By the introduction of another commutation symbol, κ defined by the 
equation, Άι = MTM. i Mes. . ἜΜ, 


the expression for. (///). may be put in te very simple form, 


(Ep) ni τ NS τος 


Dy 
In a similar fashion, the single premium for the 7- -year increasing 
term insurance is found to be | | 
| απ Rein M 3 | 

{4}1 pae τ. τ. LX 
An n-year decreasing term insurance with a step of $1 offers a death 


benefit of z dollars if the insured dies during the first year, 7-1 


dollars if he dies during the second year, and so on until the benefit is 
$1 for death during the wth year and zero thereafter. As in the anal- 
agous case of the decreasing temporary life annuity, the decreasin 
insurance may be considered. as the difference between a lev 
insurance and an increasing insurance. Then the single premium 
for an z-year decreasing term insurance with a step of $1, issued to a 
man aged x, is | 
(DA): aE PA, a (LA)? 

Mac Mata p πι, να 


-πΜ.-(Β.-Μ)-ε(βειε- Mss) -n Mss d- Ms en 
: nM Krti t Eee ; ar LXI 


Thes corresponding formulas for annual premiums may. be derived by 


dividing the single premium by the present value of the appropriate 
- life annuity due. 


Values of R, may be found in Table LXXXV. 
Illustrative Example A 


“Bind iie si πεις premium of an increasing whole life i insurance to a - 


man aged 49 if the protection offered. is $100 the first year, $200 the 
second year, and so on. 

The single premium is 

$1004). $100 - ZO QUE 


16 16,6183" 


Ris 


ae = $100. = $1033.23. 
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Illustrative id Beanie’? B 


Compac the value of the single premium for a decreasing life | insur- 
ance to a man aged 38, under the terms of which the protection 19 
$1000 the first year, $950 the second, and so on until it reaches Zero. 


^. The single. premium IS. 


S80 $50 - e ufa 


-$50. . 229,374.0 — 274,017 4-91,004 A 
T | 25,891 6: 


= $89.53. | MISI d 


1 llustrative Example Ge 


Find the single premium for a. child’s policy under which the pro- 
tection is $100 for the first year and increases by $100 each year until 


$1000 is reached and remains at that level for life, if the policy 15. 


issued to a child aged 10. 


This ee can be solved in more than one way. We shall consider 


two different analyses. 


_ First Solution 


‘The protection may be considered as that of a 10-year increasing term 
insurance with a step of $100 plus a 10-year deferred whole life i insurance 
for $1000. Then.the single premium will consist of the sum, : 


ΦΙΟΟ(/ 4) i: τη 1000 10/210 
—$100 . AS ο 


Dio 
foc an —$100. 734,216 — 550,028 


74,409.4 


Tem 
Dio 


-g100. Ë 
-$260.97. | 
| | . Second Solution | 
The protection may be considered as that of a $1000 whole life insurance 


minus a 9-year decreasing term.insurance with a step of $100. Under this 
interpretation, the single premium would consist of the Enderenegy 


$1000410— $100 (D4) x 10:9] 


a 2 θλΛήτο-- Κιι-|-Κοο 
- $1000 - — $100 - San pee. T 
xs VM SER Ru Mio- Ri — Roo 
$100. D Ted e PS τι. 
τ Since M 15 +Ru=Rio, the DOK solution becomes 
Rio— Rag 
- $100. e d 


This is identical with the first Solutio: 








i 
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TEST YOUR KNOWLEDGE OF INCREASING AND DECREASING INSURANCES 


62 Find the single premium for an insurance issued at age 42, providing for 
a death benefit of $1000 the first year, $950 the second year, and de- 
creasing by $50 per year until it reaches zero. 

63 Compute the annual premium payable for 20 years of a whole life policy 
issued at age 25 and providing for a death benefit of $1000 the first year, 
$1100 the second year, $1200 the third, and so on for life. 

64 A certain policy issued at age 29 provides for $3000 of insurance up to 
age 51, then $2900 for death between ages 51 and 52, $2800 for death 
between ages 52 and 53, and so on, decreasing by $100 per year until the 
amount of insurance reaches $1000 at age 70, after which it remains 
constant. Find (a) the net single premium and (b) the net annual pre- 
mium payable from age 29 to age 64 inclusive. 

. 65 A child's endowment policy issued at age 10 provides for a death benefit 
of $500 the first year, $600 the second, and so on, increasing by $100 
per year until a maximum of $1000 is reached. The policy matures at age 
2l as an endowment for $1000. Find the size of the net annual premium. 

66 A 20-year endowment insurance policy for $1000 is paid for by annual 
premiums which vary as follows: the second premium 1s double the first, 
the third is three times the first, the fourth is four times the first, and 
the fifth and all subsequent premiums throughout the contract are level 
at five times the initial premium. Find the size of these premiums for 
such a policy issued to a man aged 30. 


Return of premium policies 


It is fairly common for an insurance company to make a deferred 
annuity contract more attractive to a prospective purchaser by offering 
him some return in the event of his death prior to the date at which 
annuity payments commence. One such contract promises the return 
of all the annuitant's premiums paid, without interest. Let us consider 
an example of this sort. 


Illustrative Example A 


Suppose that a deferred annuity for $1000 per year, first payment to 
be made at age 65, is sold to a man aged 25, who agrees to pay equal 
annual premiums up to, but not including, age 65. It is agreed that the 
total of the net premiums paid will be returned, without interest, in 
the event of his death prior to age 65. 

'To find the size of the net annual premiums, P, equate the present value 
|. of future premiums to the present value of all future benefits. The benefits 
are of two kinds: (a) a deferred whole life annuity and (b) a 40-year increasing 
term insurance with a step of $P. The equation then is 


Ρ855:1 ,— $1000 4)làos-- PG 4) ἆ 39, 
Or 
Nos — Nos 
Das 


Nes 


2s—Res—40 Mes 
Ds | 


| R 
P = $1000 + =P ma jj 





ες 


- Solving for the net annual premium, P, we have ` 


΄ \ » 1 i x 
} 5 PRA 35 : ; í | 
' > P “+ ^ i " * 
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This expression can be readily evaluated by substituting the values 
of the commutation symbols from the tables. corii 

In. practice, it is usually the gross premium, G, which is returned 
at death. If we know the relationship between net and gross premiums, - 
equating the present value of future net premiums to the present value - 


P —$1000 - 


οἱ future benefits, including the return of the gross premiums paid, 


will enable us to find the net, and hence the gross premiums for the 
policy. Since the relationship between net and gross premiums is 
often rather complicated, we shall not go further into this problem. 
It sometimes happens that’a life insurance contract will provide for 
the return of all premiums paid, without interest, in addition to the 
face amount of the policy as a death benefit. Let us consider such an 


example. . 


Illustrative Example B 


A life insurance policy, issued at age 33 for a face amount of $1000, — 
provides for the payment, at death, of this face amount plus the sum of. 
all annual premiums paid up to the time of death. Find the net annual |. 
premium for this policy which continues for the whole of life. «— 

Again, we equate the present value of all future net premiums, to. the 
present value of all future benefits. Then, using P as the net premium to be 
found, we have | | κος 


τς Pas $1000 +P(A) 


Να ϱ ` Mss Rss 
| ax SES. AW eo Ems 
Solving for P, we have à 
€ | p 10003 
—Nas— Ras 


It is evident that further combinations of return of premium annui- 
ties and insurances can be devised. 


TEST YOUR KNOWLEDGE OF RETURN OF PREMIUM POLICIES 


67 Complete the solution for the net premium in Illustrative Examples 
A and B. τ ! : 

68 Compute the net annual premium, payable for 20 years, for an annuity 
of $1000 per year beginning at age 55, if the annuity is issued’ at age 25 
and provides, further, for the return of all net premiums paid if the annui- 
tant dies before reaching age 55. I$ DU IS | 

69 A special 20-year endowment policy issued at age 40 provides in the event 
of the death of the insured during the 20-year period for the payment of 
$1000 plus all net premiums previously paid. 1f the insured survives the 
twenty years, the policy matures for $1000 only. Find the net annual. 

premium. acus UE. go ACA ο ο 
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~ LIFE INSURANCE RESERVES AND 
NON-FORFEITURE BENEFITS - 


By C. J. Nesbitt, Ph.D. 





Το of the major mathematical problems οἵ an insurance organization 

are the determination of premiums and the evaluation of reserves. 
The first problem has been dealt with on a theoretical basis in the 
preceding article, where formulas are given for net level premiums. 
During the early years of an insurance contract, the level premium is 
more than sufficient to cover the theoretical insurance cost, an excess 
each year being available for accumulation. These accumulated excess 
premiums form the reserve. 

For example, the net level pre- oNE ATISSUE 35 AMERICAN EXPERIENCE 3% 
mium, on the American Experience 
3% basis, for a $1000 ordinary life ^ jo 
policy issued at age 35 is $21.08. 
The net premium for one-year term 
insurance, on the same mortality and 
interest bases, begins at $8.69 at 
age 35, and increases until at age 58 
it overtakes the ordinary life premium, 
and continues to increase still more 
rapidly so that at age 85, for instance, 
it is $228.69 (see Fig. 7). The net 
premium for one-year term insurance 
at a given age represents the theoretical 
cost of the insurance benefit for the 





PREMIUM PER $1000 
Co 
© 


PA = | K 
ANET LEVEL PREMIUM 


see τι ΕΙ] 





year that will follow. Thus, from — PF-T-| | | | |. 

age 35 up to age 97, the ordinary 35 40 45 50 55 60 65 ΤΟ 75 80 85 
life net premium is in excess of the ATTAINED AGE 
theoretical insurance Soak and a re- Ordinary Life Net Level Premium Compared with 
serve fund may be accumulated. In ves Yacr Tera: Premiums 


fact, a reserve must be accumulated, 
for, from age 58 onward, the net level 
premium is less than the theoretical insurance cost, and the reserve fund and 
its interest earnings must be available to make up the deficiency. The ad- 
vantage of the net level premiums is thereby indicated; by paying more in 
the early policy years than the theoretical cost, the policyholder is able to 
have his insurance in the later policy years for much less than the rapidly 
rising cost. | 

From there, we shall go on to the consideration of modified reserves 
and of non-forfeiture benefits, 


Fig. 7 


We shall consider here a group of 
p» MA da P ls; =81,822 persons, each aged exactly 35, 
ein WHOSE mortality Is agsnmed «fo. follow 
exactly the American Experience Table. Let us suppose that each 
member of the group takes out with the Nonsuch Insurance Company 





ue 
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a $1000 Bc car term insurance ie We shall ignore at this stage 
the factor of expense, and assume that the premian charged i is the 


net level premium, 
$1000P3, a= $8.971. 


a he Nonsüch then receives, at date of issue of the policies to. che group, 
premiums totalling ` | 


$4. .1000P3.5— $724,005. 


During the first policy year, these premiums will earn, at 3%, interest 
amounting to (0.03) (734,025) — $22,021 to the nearest dollar, but. Z3; members 
will.die during. the year, and. at the end of the year claims amounting 
to $100025;( — 8739 00€ 000) will be pee by the Nonsuch to the proper benefi- 


ciaries. The Nonsuch will then have a fund for the group κ ο. to 
$734, 025+$22, 021 —$732,000 = $24,046, | 
or, since now there are only ls (281,090) members survine, an amount of 
$24,046 _ 
81,0907 9 





per survivor. 
- At the beginning of the second olicy year, the %6 survivors of di group | 


— will pay premiums totalling $4, - 1000P4.3( — $727,458). 


'This, together with the $24,046 left at the end of the first year's αρθρο σης, 
will make 751,504 available for accumulation during the second year; under . 
3% interest, this latter will earn $22,545 by the end of the second year. 

The second-year claims will amount to $1000Z;& so that the Notisuck 
will have on hand at the end a total fund for the group of nes | 


$751 ,504+$22,545 —$737,000—$37,049, κ E 

Or, dividing. by lz (=80,353), $0.46 for each of the bey survivors. - Then, at 

the ΓΕ of the third year, there will be | 
$37,049 - 97, - LOOOPL 5 = $757, 896 


available for accumulation. 


We proceed to compute, as in the first and second policy years, the 
group fund and the individual survivor’s share at the end of the third 
year, and continue the process for the fourth and fifth policy yu 
The results are tabulated in Table A. 


The amount per survivor, at the end of ¢ years, of the group fund 
that has accumulated by. that time, is called the ¢th reserve or, more 
exactly, the ¢th terminal reser ‘ve, to denote that 1 it is the reserve at the 
end of t years. 

Note that the total outgo of $3,716,000 for claims is offset almost - 
exactly by the two incomes—namely, $3, 603,991 of premium income, 
and $111,904 of i interest income. If the tabular values used to compute 
P3533 had been given to more figures, and the computations corres- | 


pondingly extended, then these totals would agree exactly. Also, 


observe, that at the end of the fifth year, when the term insurance 
expires; ‘the reserve per policy 1s zero. 


In Table B, we present the reserve accumulation dur 8 ‘five-year 











? 
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TABLE A 
RESERVE ACCUMULATION FOR FIVE-YEAR TERM INSURANCE ISSUED AT AGE 35 








(1) (2) (3) (4) (5) (6) (7) (8) 
SURVIVORS TorAL FUND INTEREST CLAIMS TorAr FUND 
Poricy or GROUP AT PREMIUMS AT EARNED PAYABLE AT END RESERVE 
YEAR BEGINNING PAID BY BEGINNING DURING AT END Or YEAR AT END 
OF YEAR GROUP OF YEAR YEAR OF YEAR (4)4-(5)—(6) ος YEAR 

1 81,822 $734,025 $734,025 $22,021 $732,000 $24,046 . $0.30 

2 81,090 727,458 751,504 22,545 737,000 37,049 ^ 0.46 

3 80,353 720,847 757,896 20 131 742,000 38,633 0.49 

4 79,611 714,190 152,823 22,bR5 49,000 26,408 033 

5 78,862 707,471 733,879 22,916 756,000 — 105 0.00 
Totals $3,603,991 $111,904 $3,716,000 


endowment insurance, assuming now that each of our /;; group mem- 
bers takes out a $1000 five-year endowment policy, the premium for 


which is 
S1000P 35.3 ( = $186.640) . 


The reserve accumulation proceeds in the same manner as for the five- 
year term insurance, but now the interest earnings are much higher, 
as larger funds are available for investment. At the end of the fifth 
year, the policies mature, and for each surviving member there must be 


on hand the face amount, so that in this case the fifth terminal reserve 


is $1000. 
Note that the total income, 


$74,980,381 4-$6,841,063 = $81,821,444, 


from premiums and interest, is closely sufficient to meet the total. 


claims of $81,822,000, consisting of $3,716,000 for death claims, and 
$1000/,(2 $78,106,000) of maturity claims. 

In Table C is given the reserve accumulation, during the first five 
years, for ordinary life insurance. Here each member of the group 
takes out a $1000 ordinary life policy, for which he pays an annual 

premium of $1000 P,;( — $21.081). 
- Here the total income of $8,469,039-+$570,567 (= $9,039,606) 
from premiums and interest, 1s almost exactly sufficient to pay the 
total death claims of $3,716,000 and, in addition, to have at the end 





TABLE B 
RESERVE ACCUMULATION FOR FIVE-YEAR ENDOWMENT INSURANCE ISSUED AT AGE 35 


a. (2) (3) (4) (5) (6) (7) (8) 
SURVIVORS ToTAL FUND INTEREST CLAIMS ToTaL FUND 

PoLticy off GROUP At PREMIUMS AT EARNED PAYABLE AT END RESERVE 
YEAR BEGINNING PAID BY BEGINNING DURING AT END OF YEAR AT END 
or YEAR GROUP or YEAR YEAR OF YEAR (4)-F(5)—(6 OF YEAR 

1; 81,822 $15,271,258 $15,271,258 $458,138 6732 ,000 $14,997,396 $184.95 

2 81,090 15,134,638 30,132,034 903,961 737,000 30,298,995 377.07 

3 80,353 14,997,084 45,296,079 1,358,882 742,000 45,912,961 576.72 

4 79,611 14,858,597 60,771,558 1,823,147 749,000 61.845, 705 784,23 


5 78,862 14 718.804 76,564,509 2,296,935 756.000 78,105,444 999.99 
Totals $74,980,381 $6,841,063 $3,716,000 











n 
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| TABLE C . 
: RESERVE ACCUMULATION FOR ORDINARY LIFE INSURANCE ISSUED AT AGE 35 
(1) | (2) 9) 4) Ores (6 (7) (8) 














; SURVIVORS τ TOTAL FUND INTEREST CLAIMS TOTAL FUND 
Ῥοιιού ΟΕ GROUP AT PREMIUMS SAT EARNED PAYABLE AT END RESERVE 
YEAR BEGINNING PAID BY BEGINNING DURING AT END OF YEAR. © ATEND 
OF YEAR GROUP OF YEAR YEAR OF YEAR (4)--(5)—(6). OF YEAR 
1 81, 822 $1,724,890 $1,724,890 $51,747 $732,000 $1,044,637 $12.88 
2 81, i 1,709,458 2.754.095 82,623 - 737,000 2,099,718 1226:19 
3: 80, en 1,693,922 3,793,640 113,809 : 742,000 3. 165, 449 39.76 
4. 79,611 1,678,279 4,843,728 145,312 749,000 4,240,040 ο, DINN 
5 78,862 1,662,490 , 5,902,530 177,076 756,000 5,323,606 68.16 
Totals . tg τν $8; 469,039 $570,56 - $3,716,000 ; | | 
of the fifth year a reserve of. $68.16 for each of TR la (5-78 106) 
survivors. vie ; "ΔΟΕ ATISSUE 45 AMERICAN EXPERIENCE 3% 
As further illustration of reserve 1000 


accumulations, the graphs: οἵ. the 
terminal reserves for some typical 
$1000 policies, issued at age 45, 
are shown in Fig. 8. For convenience, 
these graphs are ‘shown as, smooth 
curves, although actually the values 
jump after each premium is paid 
(see Fig. 9). Note ‘the. relative 
smallness,’ of. the reserves on ‘the 
twenty-year term policy, and note 
also that the twenty-year. endow- 
ment reserve reaches $1000 by the 
time the policy is ready to Ways. 





Retrospective reserve formulas Ore aE B0 85 90 95 


In the section just preceding, a ATTAIN EO SAGE SE 
we computed reserves by filling in Graphs of are peers Tor Typical 
accumulation schedules. The ee 

6. 


schedule method, however, 1s both 
bulky and lengthy, and we now seek algebraic means for more readily 


calculating reserve values. 


Let us assume that we have a group of Z, persons aged x, each of whom 
takes out identical insurance policies for the face amount of $1, that the 
premium for such a policy is P, and that premiums are payable for m years. 
We shall obtain a formula for the /th terminal reserve on such policies, first 
for-the case that +< m. 

Disregarding the death claims, we find that the premiums paid by the 
group will accumulate at the end of ¢ years as follows: 

Premiums, totalling Z P, will be paid at the beginning by the group, and 
these will accumulate to 7, P 4-3) by the end of the ;th year.. | 

There will be only 2.41 survivors at the beginning of the second year, 
and their premiums will accumulate to /,41P(1+7)'~' by the end of the zth 
year. Proceeding in this manner, we see that, by the end of the ¢th year, 
the premiums paid during the first / years will 'accumulate the total fund of 


LP 4-iy τοι τη EE με Hasi iPAD τος E J 


if the death claims are not paid out. 
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At the end of the first year, dy claims, each for $1, will be paid. If these ὦ. 
dollars were left in the fund, they would accumulate to d:(1+/)'~} by the 
end of the ¢th year. Similarly, the Z;,; claims payable at the end of the 
second year would accumulate to Z,,1(1--7)/^?, and, proceeding, the total 
accumulation of the death claims would be | 


d UMOR ... Εάν a II 
by the end of ¢ years. | 


Actually, the death claims will be paid at the end of the year of 
death, so that the death claims are not left in the fund to accumulate. 
Then I overstates the accumulation by the amount, II, to which the 
death claims would accumulate. Hence, the actual accumulated fund 
at the end of ¢ years will be I — II, or the reserve, ;Z, for each of the 


—— 


/.4¢ survivors will be , which gives 





ον 
awe L(12-:) 2-4 (14-2) ^14 LL ζει ι(1-δ 
ο ὀμαπ δε. οκ μμ εκ ας. 


Lo 


malt Doy gl ea) ν .ς *]- Ha t.i 


Lai 


Recalling from the preceding article formula XXVI for the accumu- 
lated value of an annuity, and LI for the accumulated cost of insur- 
ance, we see that 
Μο ου” ΠῚ 


yap. 
i Dorii Doo 


or, for convenience, let us use the briefer notation, 
V = Pily — ika. IV 


Formulas III and IV state that the ¢th terminal reserve may be 
calculated by taking the accumulated value at the end of 7 years of the 
annuity of annual net premiums and subtracting the accumulated 
cost of the insurance benefit during the 7 years. Observe that the 
reserve at the end of ¢ years is here calculated by accumulating the 
income and the outgo of the ¢ years that have preceded the reserve 
date. For this reason, they are called retrospective formulas. 


These formulas hold for a policy with death benefit of $1, and with 
number of premiums m exceeding ¢. The reserve for a policy with 
death benefit of $S is obtained by merely multiplying the right-hand 
side of III or IV by 5. For the case, #2, the formula required is 


N.—N.6m Ma—Mais | V 


ο ες » DO Du. 5 


since premiums are payable only between ages x and x+m, and by the 
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general annuity formula, XXV, of the previous article, their accumu- 
Na Neim 

x44 | 
STANDARD SYMBOLS 


lated value at the end of ¢ years will be P. 


We consider here policies of face amount $1, issued at age x. Standard 
symbols are used to denote the terminal reserves. For the ¢th terminal 
reserves on such policies, the symbols are: 

iV x, for a whole life policy; 
Vim, for an z-year term insurance; 
V s, for an z-year endowment insurance; 
t:mV x, for an m-payment whole life policy. 


Illustrative Example 


Compute the fifth and thirtieth terminal reserves on a $1000 twenty- 
payment life policy, issued at age 30. 

The first step is to find the value of the premium, $10002 P39, which 15 
given in Table LX XXVI as $27.186. 


Then, from formula 111. 


$1000 «:207%n=$27.186 . 5 $199 , To -Mas 
35 35 
.. 27.186(163,323) —1000(1365.4) 
re ee ANS LI c stt 
$105.74. 


For the thirtieth reserve, we have from formula V, 
1000 20-2070 827.186 . 81. 1999. 
60 
..27.186 (499,328) -1000(7020.67) 
E 9830.43 


My — Mao 
60 


= $666.71. 


TEST YOUR KNOWLEDGE OF RETROSPECTIVE RESERVE FORMULAS 


1 Compute the value of 1000 ;7.3, the third terminal reserve on a 
$1000 five-year term insurance issued to a man aged 35. Check your - 
answer by Table A. | 

2 Compute the value of 1000 3/3;:3, the third terminal reserve on a 
$1000 five-year endowment insurance issued to a man aged 35. Check 
your answer by Table B. 

3 Compute the value of 1000 ;/s;, the third terminal reserve on a $1000 
ordinary life insurance issued to a man aged 35. Check your answer by 
Table C. 

4 Compute the values of $2500 15:2030 and $2500 555973», which are the 
fifteenth and twenty-fifth terminal reserves on a $2500 twenty-payment 
whole life policy issued to a man aged 30. 




















Prospective reserve formulas. 


Let us consider from a new viewpoint the reserve-fund problems of 
Nonsuch Insurance Company, which has issued $1000 ordinary life 
policies to a group of 4, persons aged 35. In Table C, we obtained 
the fifth terminal reserve on such a policy by means of an accumulation 


schedule. At the end of the fifth year, the company looks towards the - 


future and realizes that it must provide $1000 insurance for the re- 
mainder of life for each of the survivors, now aged 40. The present 
value of each of these insurances is $1000, The company has two 
sources from which to make provision for these insurances, one being 
the future premiums, the other being the reserve already on hand. 
For a single policy, the present value of the future premiums is 
$1000P35 249 Let us denote the fifth reserve by its standard symbol, 
1000 ;/35. If these two sources are to provide exactly for the insurance 
benefit, then,  . | j ᾶ 
| 1000 57354-1000 Pg; 249 = 10007446 | 


Or ; 
| 1000 473; — 1000449 — 1000 Pss 240 
| | = 459.423 — 21.081 (18.5598) 
= 68.16, 


— which agrees with our former calculation. | «ἃ 


Observe that here the net liability, after five years, of the company 


toits policyholder is con puts by taking the present value of the future 


benefit ($1000 at end of year of death) less the present value of all 

future premiums. The reserve is thus obtained by looking towards 

the future, and for that reason the formula used is called prospective. 

Using the prospective principle,  . | E 
reserve = value of future benefits minus value of future premiums, 

we obtain the following prospective reserve formulas for four standard 

Insurance plans: | : | 


iVm A gti Ps | | : Meets 5 Vi 
Vn d pen —Pliuasu-n l Et . VII 
Ii στη = Prim Asena] ; VIII 
im ee ae ος Qe-t:m—] (t< m) IX 
im mm i c mmy eR LA 


Here the ;th reserve for a $1, z-year endowment, originally issued 


at age x, is obtained by considering that the policyholder after ¢ years 
is aged. x--/, and that he has endowment insurance coverage for the - 


remaining z —/ years of the term of his policy; hence, the value of his 
future benefits is 4.1:a=71. He will, however, continue to pay the 
net level premium, Ps:m, for the remaining z—/ years, so that the 


Ν 
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value of his future premiums will be P,:53..;:5—5. In commutation 
symbols, this reserve formula would be 





a cs I Με νι ~ Meyn δεν _ p. Neti x+n XI 
where Da +t De 
T | PI. Mx Mieent Den 

: x:nl | ο. E 


^ Illustrative Exampıe 


Compute the fifth and thirtieth terminal reserves on a $1000 twenty- 
payment life policy, issued at age 30. (Compare this with the illus- 
trative example for retrospective reserve formulas, page 945.) 

The premium is $1000 o9P39=$27.186. 

Then, from formula IX, 

$1000 5.29775, — $1000/75; —$27.186a35: 79 
= 1000(0.419883) —27.186 . 255 
= 419.883 —27.186(11.5552) 
= 105.74. 
From formula X, 


$1000 30: 20/30 =$10004 60 = 1000(0.666718) = $666.72.* 
TEST YOUR KNOWLEDGE OF PROSPECTIVE RESERVE FORMULAS 


5 Justify formulas VI, VII, IX, and X, and write them in terms of commu- 
tation symbols, as was done above for formula VIII. 

6 Compute by the prospective method the values of the reserves in prob- 
lems 1 to 4. Check with your previous calculations. 

7 Compute $1000 25:20/’30:35, the twenty-fifth reserve on a $1000 twenty- 
payment, thirty-year endowment insurance to a life aged 30. (Hint: As 
the premiums have all been paid, the reserve is, prospectively, just the 
value of the endowment insurance benefits for the remaining five years.) 

. 8 State circumstances under which the prospective reserve formula 15 
simpler than the corresponding retrospective reserve formula. 


EQUIVALENCE OF CORRESPONDING FORMULAS 


In our examples, we have seen that the value of the reserve computed 
by a retrospective formula is equal to the value obtained by use of the 
corresponding prospective formula. One’s curiosity is naturally 
aroused concerning the possible algebraic equivalence of the retro- 
spective and prospective formulas. We shall now show that the 
formulas are algebraically identical, but, instead of giving the general 
proof, we shall illustrate the method of proof by considering the case 
of an m-payment whole life policy. The net premium for such a 
policy is determined by 

nis xm] = A s 
or, in commutation symbols, after multiplying by Dy, 
APN Neg) es M, XII 
* Note that this differs by one cent from the former calculation. This discrepancy is due to the fact that our 


commutation symbols are tabulated to only six figures, and our annual premiums to only five figures. The 
correct result, based on more extensive tables, is $666.72. = 
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^. This may be written as | | oe ; η A 
| d πι] αι Ναι Ns i Nrt] ven) = Mz— Mz Mi 
| — and, on transposition of terms, | | x 
S l mea Na Nic) a (Mem Maa) Mere nl aN aa xis : Gerd | 
, Dividing by D+, we obtain - | d 
| | | CimDs eitis ka= ds uu mb Don m— tjs | 
— which shows that, for t<m, the retrospective reserve font 15 
algebraically identical with the prospective formula. For ¢>mm, we 
[D ——  ' write ΧΙΙ in the form, P DET | 
| .  . and, on dividing by Des we ε > again see ho tie uos us formula 
| ds identical with the prospective formula. . | 
ον For any policy, all that is needed in order to show that the retro- E aie 
| spective reserve formula is identical with the corresponding prospec- ^| 
tive formula is a slight manipulation of the fundamental equation , | 
between the net level premiums and the insurance benefits. ^ 





SPECIAL FORMULAS 


'The reserve formulas—particularly those for cndowinedt Bud whole: | «1 
life insurance—may be transformed 1n various ways to produce special . 
formulas which may be useful if calculations are to be made on a com- 
puting machine. We illustrate some of the special forms for the case 


of the ¢th reserve of an ordinary life policy. 


From formula XI, Iac αλβ] : | | | 





{ 
Hur | = Pap 24t Px artis | | 
so that Vv, = (5-5. Ayp ts δν XIII | 





In words, formula XIII states that the reserve at the end of / years 
must be sufficient to provide the difference in the present value of 
the premiums, P,..;, that the life then aged (x-l-/) would have to pay 
for whole life insurance from age (x--7) onward, and the present value 








of the net level premiums, P,, that he will actually pay from age (x T i 
onward. ον. 
Agen. if in formula LXXXVII we substitute 1— das, i for Aarand | 
zd for JP. =fr 1h m (see formula LIII, page 931), we obtain 1 








1 
iml —dàzj4i— ( αλλων 
ax 
xat 
σι άνετος dt; 
X ; : 


Eu v. 01 p η πε Gore | XIV 


x 





| Formula XIV expresses ,/”,, in terms of annuity values only, while VI 
πα involved a single premium, an annual premium, and an annuity value. 
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Illustrative Example 


To compute the fifth terminal reserve on a $1000 ordinary life 
policy issued at age 35, we have, by formula XIII, 


$1000 s735 = $1000 (Pao — Θες) αι 
= (24.754 — 9] 081)18. 5598 
= $68.17, 
while, by formula XIV, . 


$1000 ,7,- $1000 (1 Ὃ 
c35 


18.5598 
- 51000 (1 — 19.9174 


— $68.16, 
the discrepancy of one cent being here due to the fact that the premiums 


in Table LXX XVI are given to just five figures. 


FACKLER'S ACCUMULATION FORMULA 


In practice, it 1s necessary to have whole tables of reserves. In 
computing such tables, it is useful to have a method of passing from 
the (z— 1)th terminal reserve to the ;th reserve. Assume that we are 
calculating the reserves for a policy, issued at age x, providing a death 
benefit of $1, for which annual premiums P are payable. We shall 
use the mutual fund accumulation method that was employed in 
developing Tables A, B, and C. 

Accordingly, we suppose that a group of |. persons at age x each 
took out a policy of the type in question, and at the end of (/— 1) years 
there are /,,.:-1 survivors, for whom a total reserve fund amounting to 
νεο, e mou 19 held. 

. At the beginning of the ¢th year, premiums totalling /,4:-1P are paid, 
so that the total fund at the beginning of the ¢th year available for investment 
ο εν c EPA 

At the end of the ;th year, dx41—1 Claims m be payable, and a total reserve 

fund of Z+: +V will be required for the Z,,; survivors. We then have 


Lau iG +P) (14-7) — d i1 A τ V, XV 


or, dividing by /.4,, and rearranging factors, 


(RIP) ἆ άν deni yy 
Let brett 


On multiplying both numerator and denominator by o*+‘, we find that. 


ων Deroy Neri ett τι 
i 
ον ρω L3 ú 


which is more commonly written as 2444.1; similarly 


Gost Cenni: Mey Mey L 1 
πω ο αρ πο τρ Mec QE CT MN LU 
fad Ies Dx; 








^c 
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- Qur formula connecting 1.17’ and V is finally written as 


(- ο keg =P. Se RV 
To calculate a series of values of ος ες ο os ave? should 
use, successively, the formulas obtained by setting ¢=1, 2, ΤΠ 
XVI, and observing that ,7 —0, we should have | 
P e tg— ky mJ. 


(P 4-P)us a heim oV 
(2 VA-P) ux. ou kx42 =V, ους, 


Values of Άν and ks, for the American παρα, Table with 395 
interest, are to be found in Table LX XXVI. For a policy of face 
amount $, formula XVI must be multiplied through by ὁ 


TEST YOUR ABILITY TO USE FACKLER'S ACCUMULATION FORMULA. 


9 Use Fackler’s formula to compute the first five reserves for a $1000 
endowment policy issued at age 35, and check with Table B. 

10 Use Fackler's formula to compute the first five reserves for a $1000 
ordinary life policy 1ssued at age 35, and check with Table C. 


Initial and mean reserves 


We have up to now been considering only the terminal reserve— 
that -is, the reserve at the end of the policy year. It is sometimes 
necessary to consider the reserve at the beginning of the policy year 
after the- premium then due has been paid. Such a reserve is called 
an initial reserve. If ,.1/ is the terminal reserve at the end of the 
(¢—1)th year on a given policy, then (,.1/+/) is the initial reserve 
at the beginning of the 7th policy year. 

In practice, the mean reserve, which is the average of the initial 
and terminal reserves, 1s important. For a policy which has in the 
‘th policy year an initial reserve of (17 EPY and a- PNE reserve 


VPLS 


of μδ΄. the mean reserve for the zth policy year 15 P MU ET. The 


mean reserve is approximately the reserve at the middle of the policy 
year. l(See Fig. 9.) 

Each of the states has an insurance commissioner, whose duty 18 
to supervise insurance companies which operate within the state. To 
the insurance commissioner, the company must submit, as of Decem- 
ber 91 of each year, a detailed annual statement. Insurance reserves, 
held by the company, form one of the principal liabilities; accordingly, 
the company must evaluate at the end of the year the reserves on all 
its policies by mortality and interest standards approved by the 
. insurance commissioner, who, in his turn, acts within the provision of 
the insurance law of the state. Usually the law requires that the 
reserves be computed on conservative mortality and interest assump- 
tions, so that there will be assurance that the company will, with 
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ample margin, be able to fulfill its contracts to its policyholders. When 
we wish to speak specifically of these reserves required by the insur- 
ance laws, we shall refer to them as the legal valuation reserves. 

The end of the calendar year, at 
which time these reserves are 
valued, in general will not coincide 
with the policy anniversaries for the 
various policies. However, if the 
policy anniversaries are distributed 
reasonably uniformly throughout 
the calendar year, then, on the 
average, the policy year will run 
from the middle of the calendar 
year to the middle of the next. 
Hence, the end of the calendar year 
will, on the average, be the middle 
of the policy year, and the reserve 
that should be computed is the E POLICY YEAR 
mean reserve. The mean reserve Reserves for Ordinary Life Policy 
will be less than the actual reserve — 4M initial reserve in the first policy year 
at the end of the calendar year for CP =terminal reserve in the first policy year 
some policies, and greater than the BN =mean Mm the RA S year 
actual reserve for others, but, in -ZLOB TIES = 16.98 
the aggregate, will give a practical ΟὉ ~initial reserve in the second policy year 
estimate of the total reserve liabil- £s =terminal reserve in the second policy year 


x = 1000 2V35 =26.13 
ity as of the end of the calendar DR =mean reserve in the second policy year 


YF pss AT ISSUE 35 AMERICAN EXPERIENCE 3% 





year. | 3590 129.13 — 10,05. 
In practice, then, the mean re- so 


serve 15 extensively used in comput- 
ing the reserve liabilities for annual statements of insurance companies. 
When the year of valuation less the year of issue is ({-- 1), the mean 
reserve for the /th policy year is required. 


NET AMOUNT AT RISK 


οὓς return to formula XV, and on setting L4; —2,4, :1— «41.3, we 
obtain 


με αν ΓΡ) 04-2) dest= ici dea DF, 


Or 
Lea iG iP +P) (12-2) =le iA da γι ι (1—,7), XVII 
which, on division by /,.;_1 becomes, 
G14 +P) (14-2) 2 +gril). XVIII 


Equation XVII may be interpreted by the following reasoning: For 
each of the /,4:-1 survivors at the beginning of the ¢th policy year, 
the insurance company will have the initial reserve, (, 17 +P), which 
during the ;th year will accumulate to (; 17 -- P) (14-7), so that at 
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pie end of the year the company cu have on hand a total of 


νι G- +P) 11-13. Equation XVII shows that this last sum is 


sufficient to provide the terminal reserve, ,/”, for each of the 44:1 


.policyholders who began the year, and also to provide the additional 


th year. The total additional — 9o 
amount required for all the death 


; diii 


—-. 


which is known as the cost of 900 


initial reserve on an individual 


amount, 1—,7, for each of the d,,,-1 olicy holders who die. This 
works out exactly Hehe, since, for. cach surviving m holder, the 
company will have ;/, as it should, while, for eac the policy- 
holders who dies within the year, there will be JF πως or. 1; Shick 
is the amount of death benefit payable. 


The additional amount, La, is 19 required f for a à policyholder 
who dies during the ith. year, i 


AGE AT ISSUE 45 AMERICAN EXPERIENCE 3% 
called the wet amount at risk in the 1000 


claims among the Z,,.i policy- | 
holders is ἄν ι (1—;/7); the  700—1— 
average additional amount per — eooL— 
policyholder for death claims dur- | 
ing the 7th year is then 


a J 400 
i κει (1 ιν | 








[I 





ansurance based upon the net amount ΜΕΝ ΠΠ 


at risk. (For an illustration of the οἷ [0981 1 OF INSURANCE| | EUCH, 
net amount at risk for an ordinary "l^ 6 u i6 zi 26 3| 36 δὶ 46 δι 
life policy, see Fig. 10.) | POLICY YEAR 


‘Equation XVIII shows that ke Net Amount at Risk and Cost of Insurance Based 
upon Met Amount at Risk $1000 Ordinary-Life; 


age at issue, 45; American Experience, 3% 





policy at the beginning of the 7th 
year accumulates under interest to 
an amount sufficient to provide the terminal reserve, at the end of 
the zth year, and the cost of insurance based upon the net amount at 


risk.. 


Let us solve equation XVIII for P. Multiply by οι and 
transpose, and there results 


P — (o, —, 1 )-- oq. 44-11 — jV). | | XIX 


Fig. 10 


'This equation should be of especial interest to those who. want to 
argue about the investment features of life insurance contracts. 


. We consider, first, the component (v V=: Poof P. We may, if we 


"wish; regard the reserve under a whole life or an endowment policy 


às à savings fund deposited with the insurance company. At the 


beginning of the /th year, before the premium has been paid, this 


Savings. fund. will equal ca At the end 2i the tth year, the samne 
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fund will amount to ;7. Now notice that v sp —,-1/ is the exact 


deposit that must be made into the savings ee of ;-.¥ at the begin- 


ning of the year in order that the fund may accumulate under interest. 


το ;// at the end of the year. For |i (ο. V—-1-V) =o and this 


accumulates under interest in one year to (11-00. , -,P. Thus, the 


first component in formula XIX for P is the deposit required to pld 
up the reserve considered as a savings fund. ` 


On recalling that the one-year term premium, 





we see that ari—Gadini ^ — (d.formula XLI, page 925). 


Then the second component ot. Fy: 9241-11 — VW), is the net single 
premium for a one-year term insurance at age (x+4—1) for an amount 
equal to 1—,/. This value, 1—,/, is the net amount at risk, and 15 
also the difference between the face amount, 1, of the policy, and the 
amount in the savings fund, ;7, at the end of the year. Under whole 
life and endowment policies (see Tables B and. C, pages 942 and 943), 
the terminal reserves steadily increase with duration, so that 1—,7 
will decrease as ¢ increases. For such policies, then, the component, 
2q241-1(1— 7), of P, is the premium for one-year term. insurance tor 
an amount decreasing as ¢ increases. 

Gathering these two observations Roce thet, we see that the net 
annual premium for a whole life or endowment insurance may be 
considered to make the deposit sufficient to accumulate a savings fund, 
which at the end of each year equals the terminal reserve, and, in 


addition, to provide each year the decreasing term insurance required 


to cover the difference between the face amount of the policy in 
question and Que will be in the savings fund at the end of Xie year. 
TEST YOUR KNOWLEDGE OF NET AMOUNT AT RISK BY THE FOLLOWING EXERCISES 


ii Using Table B, prepare for the $1000 five-year endowment i insurance at 
age 35 a table of premium analyses, as in Table D, page 954.. 


. 12 Using Table A, prepare for the $1000 ML E term insurance at age 35 


a table of premium analyses, as in Table 

13 Comparing Table D with the tables prepared in exercises 11 and 12, 
draw conclusions about the relative importance of the savings fund and 
insurance components in the case of each of the uec different net-level 
premiums.” | | | : 


* As. these analyses are based upon the net level premium and the level premium reserve, the important 
factor of insurance expenses is ignored and consequently the results correspond only in a general way with the 
real situation. There is another important, but rather deep-lying, diffculty in this point of view. A superficial 
examination of these analyses might lead one to think that a policyholder could do as well by handling the 
savings fund himself, merely obtaining each year sufficient term insurance to make up the difference between 
what would be in his fund and the amount of protection he desires, but he then would be seeking insurance on . 
entirely different conditions than would be the case under, say, a level premíum whole life contract, and the 
mortality rates under these new conditions can be quite different from those under the conditions of the whole | 
life contract.. In column 5 of Table D, we have assumed that the policyholder can be granted term insurance 
each year at net rates, based on the mortality applicable to persons who are insured under ordinary life policies. 
If we assume that the policyholder will maintain his own savings fund, then we must not assume, without 
critical examination, that he can be granted the decreasing t term insurance feature at the rates applicable under 


‘ordinary life contracta, 
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Table D 
ANALYSES OF NET PREMIUM FOR ORDINARY LIFE POLICY,ISSUED AT AGE 35 


For the ordinary life policy considered in Table C, we obtain the analyses of the premium, 1000P35, into 
savings fund deposit and term insurance components by applying XIX for the first five policy years. 


(1) . ὦ . 3) | (4) (5) (6) 


POLICY RESERVE AT NET AMOUNT SAVINGS FUND TERM INSURANCE NET ANNUAL 
YEAR END OF YEAR OF RISK DEPOSIT COMPONENT PREMIUM 
t Vv - $1000~(2)  $1000(,V4.—, της) cas 4.12 XQ) (4) --(5) 
1 $12.88 $987.12 $12.505 -$8.574 . $21.08 . 
2 . 26.13 973.87 12.489 8.593 21.08 
3 39.76 960.24 12.472 | 8.609 21.08 
4 5377 946.23 12.444 8.643 21.09 
5 68.16 931.84 12.405 8.673 21.08 


FINAL CHECK ON YOUR KNOWLEDGE OF NET LEVEL PREMIUM RESERVES 


Compute the following: 

14 1000 1,73, by four different methods. 

15 1000 5.59755, by two methods. 

16 1000 30:20% 95. 17 1000 10/7 3,.39. 18 1000 10 30:10. 

19 The mean reserves for the first two policy years on a $1000 ordinary 
life policy, issued at age 25. 

20 The mean reserve for the tenth policy year on a $1000 twenty-payment 
life policy, issued at age 30. 

21 The seventh terminal reserve on a $2000 twenty-payment life policy, 
issued at age 31. 

22 The sixteenth terminal reserve on a $3000 ordinary life policy, issued 
at age 42. 

23 The initial reserve in the sixth policy year on a $1000 twenty-year 
endowment policy, issued at age 30. 


MODIFIED | In our discussion of modified reserves, we shall take a 
RESERVES| first step towards a more realistic view of insurance 
E operations than we have obtained so far in our study of 
net level premiums and reserves based on net level premiums. We now 
take into consideration the gross premium, P’, the premium actually 
paid by the policyholder. We let P again denote the net level premium. 
For simplicity of discussion, we assume that P 1s based on an interest 
rate and a mortality table reasonably close to the experience of the 
company. Then the net premiums, 2, are sufficient to pay all death 
losses and set up reserves on the basis of the assumed interest and 
mortality rates. The excess of the gross premium over the net pre- 
mium, P'— P, which is called the /oading, provides for expenses and 
a margin for unforeseen contingencies. 

In 1939, a committee of the National Association of Insurance 
Commissioners prepared a report on the need for a new mortality 
table.* In discussing net level premium reserves, the committee 
stated: 

The principal property of the net level premium valuation method (except 
of course for policies with varying gross premiums) is that the annual 





* Report of the Committee to Study the Need for a New Mortality Table and Related Topics (Actuarial Society of 
America, 393 Seventh Avenue, New York), p. 23. 
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net premium — and, therefore, the loading—-are constant during the 
premium payment period, In other words, this valuation method assumes 
that the same amount i$ paid out or set aside for expenses each year. This 
was more nearly in accord with company practice at a much earlier period Ἢ 
in the development of life insurance’ when expenses were distributed more — 
evenly over riis premium payment périod than is now the case, but, under 
present practices, expenses in the first policy year are much ter than in. 
succeeding years, due principally to the allowance of a high first-year com- 
mission rate, and a relatively b renewal rate, usually graded downward 
and paid for only a limited number of years. Thus, in practice, the actual 
expenses of operation during the first year are substantially higher than in 
any subsequent year. However, the net level premium method of valuation, 
by establishing a level loading, makes available in the first year a smaller 
amount than the actual expenses incurred. Hence, a financial strain which is 
reflected directly in the surplus is sustained. — | 


For illustration, assume that our company charges $25.30 for 
ordinary life insurance for a life aged 35, and that the first-year ex- 
penses, including first-year commission, taxes, medical examination 
fee, amount to $20.65, while in the following years expenses are $3.00 
per year. 


We assume that the company maintains reserves on a 3% American 
Experience net level premium basis, and that its actual experience is close to 
these interest and mortality assumptions. . : å A" | * 

The net level premium is then $21.08, so that the loading is $4.22. 

We have assumed that all the net premium.1s required to meet the death 
claims and to set up the reserves, and that only the loading is available to ` 
meet expenses. | a MSN a ep Ue | 

As, in the first year, the loading is less than the expenses by $20.65 — $4.22 
(= $16.43), the surplus funds of the company must be drawn upon to meet | 
these expenses. | IS: oS rc. 

In the following years, the loading exceeds expenses, and eventually this 
excess compensates the first-year deficiency. : 

If our company is a young company with a small surplus, and were un- 
fortunate enough to sell a large number of such whole life contracts, it might 
become technically insolvent, in that it would be unable both to pay its 
first-year expenses, and to maintain net level premium reserves. . ` ᾶ 

On the other hand, a large, well-established organization will have surplus - 
funds available, which will enable it to accomplish both of these objectives. 

Thus, if all companies were required to maintain reserves on a net level. 
premium basis, the young, newly-organized. companies would be at a serious 
disadvantage, and it would be very difficult for a new company to succeed. 


- To continue with the Report: 


. . The states have recognized these practical difficulties by permitting the 

use of suitable modifications to the net level premium reserve method. These 
simply require a smaller net premium for reserve purposes in the first policy 
year, thereby releasing a greater amount for expenses in the first year. The — 
„het premium for renewal years is increased by an amount which, over a 
specified number of years, will offset the first year's reduction. The present | 
value of the increase in the net premium for renewal years is exactly equal 
to.the reduction in the first-year net premium. SWR ποτ 


| : 5 
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General principles 


We now have in mind three systems of premiums. These are: 


the gross premiums, P’, P’, P', . . . , payable by the policyholder; 

eanet level premiums, J^, Ετος uniform throughout the premium 
payment term; 

and modified net premiums of α for 
the first ir 6 for the next (4— 1) 
years, τ for the remaining 
years of the payment term, 


UB ος ud o Dye s 


where « is somewhat less than P, and 
6, to compensate, 1s somewhat greater 
than P. The effect upon the loading 
 —that is, the excess of the gross 
premium over the net premium— 
is illustrated in Fig. 11, where the 
loading is represented by the shaded 





area. The use of modified net pre- h hel 
miums permits a larger allowance— POLIOY YEAR 
; | 
namely ος. expenses in the Loading in Case of Modified Net Premiums 


first year, and a smaller allowance, 
—ß, in the first (2—1) renewal 
years, than the uniform allowance, P'— P, under the net level premium system. 


Fig. 11 


The period, 4 years, during which the net premiums are modified, 
is called the modification period. Reserves based upon the modified 
net premium will, DG the modification period, be less (as shown 
by formula XXV) than the net level premium reserves, but, after the 
modification period, the net level premium 1s available, and, prospec- 
tively, the reserve then 1s just the net level premium reserve. 


It is convenient to assume that the benefit is an 7-year endowment - 
insurance of the face amount of $1, and that premiums are payable for 
m years, m zm. This form includes the main standard forms except 
term insurance, for, 1f z is taken sufficiently large, the insurance 
benefit becomes just whole life insurance, and the policy would then 
be an m-payment whole life policy. By taking m also sufficiently 
large, the policy becomes a whole life policy with premiums payable 
for life—that is, an ordinary life policy. That the foe does not con- 
tain the term insurance forms is no great loss, as for most term in- 
surances the reserves are small, and it 1s usually considered. unnecessary 
to arrange for modified reserves. When the number of premiums 1s not 
stated, it is to be assumed that the number is equal to the insurance 
term—that 15. 72577. 


It is fundamental that the present value of any system of net pre- 
miums is equal to the present value of the insurance benefits at the 
Issue date; hence, the present value of the net level premiums 1s equal 
to the present value of the modified net premiums, as each 1s equal 
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to the present value of the benefits. For the m-payment, n-year 
endowment 1 insurance, the net level and modified net premiums are: 





AGE: x/ xdl x42 —... x-bh—1l x+h x+th4tl ... x4m-—1l | xm 
a Net level premium, P D. hod EXER SJ oo P P d P Premiums 
b Modified net premium g B 8 E Barre Pere P ss P cease 
A A | 
(where. fuller notation for Pi is προ eset ) 
xim] 


Since at age x the premiums in a have present value egual to that 
of the premiums in b, and since, after the modification period, the 
premiums are the same in a and b, then the present value of the first 
h premiums in a equals the present value of the first 4. premiums in 
b. Ti hen, as our fundamental relation, we obtain 





Pasme aF bappa Ἱι uito AA 
Replacing | ακι στ | by à4-—1, we have ος 
Pas: 7 &+ bax: — 8, 3 
so that 3 Bye | 
: 9—o | 3 | 
Dui 
: b ail 


Hence, if P and (8— o) are known, then from XXI, 8 can be calculated, 
then 2 (Dy. reference to (&— a). 


Ilustrative Example | 
For example, suppose for a ι $1000 twenty-payment whole life policy, issued 


at age 35, that 1000 (β--α) is 12.396, where 1000 a and 1000 8 denote the - 
modified net premiums, and that the modification period is the full premium. 


term, hes 20. Then - 
1000 61000 ais OSSA 
: 35: 


CN ο μα UU 
uri jl 
= 29.850 +-0.881 = 30.731, : 

where soPss is obtained from Table LX XXVI, and ass: :20 19 calculated by 
We calculate 1000 & by the relation, : 


1000 a =1000 8—1000 (8— 
| | = 30. 731 — 12.396 = 18. 335. 
Modified reserves, based on modified net premiums, may be calculated by 
using either the retrospective or the prospective principle. To develop the 





retrospective formula, in case ¢</, we consider the accumulated value ot . 


the modified premium at the end of 7 years, and subtract the accumulated 
cost of insurance. The first-year premium will accumulate to | 


3 Ν-- = Nei =e Di Ux 
acp eu Dj. Ps 
(See Ends XXV, XXVI, pages 914 and 915.) .: 


The premiums, 8, will ης from’ age (e+) for 0-3 Years, and 


Ν. N, 
hence will amount to e. pre Ber Mee 
ΤῈ 
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The accumulated cost of insurance 1s tks, as before. We obtain, letting 
:V" denote the ;th modified terminal reserve, 


"MITT ue -F 8; agi tka when t<h XXII 
l xc 


one with formula IV). 

For 7z A, it 1s simpler to use the prospective formulas isch appear 
below. 

To write the prospective reserve formula, we observe that, at the 
end of ¢ years, the remaining benefit will be an (7 —7)-year endowment 
to a life now aged τα; of which the value is 7,,.;:5;7;. The modified 
renewal net premium, 6, will be available for (4—/) years, provided 
that ἐς A, and the net level premium for the remaining ο A) years. 
Then, using the prospective principle, that 

reserve = present value of future benefits minus present value of future 

premiums, 
we find that 
Md = Apt — P2641: τ — Py id asi when ¿<A XX illa 
WO ensis ng τα auiem when Z£:i«m  XXIIIb 
A en aaa when mSitSn XXlllc 


If h=m, the last term in XXIIIa is 0. We see also from XXIIIb 
and XXIIIc that, for 14, εξ], the net level premium reserve. 

It is interesting to compare the net level premium reserve with the 
modified reserve, for /« A. Prospectively, the net level premium 


reserve 1s 
Im αν. 5 — ll — Pas: m=i]. 


We may replace ayap DY. ἄνειιπ- con Fa- ii Saeco, Sic Bn 
annuity for (71--1) years is equivalent to an annuity for (4—4) year 
plus a deferred annuity, first payment at the end of (4—7) years, Gad 
running for (71--}) years, giving a total of A4--£-4-m—A(- m-—1) 
payments. Then 


V = ΗΝ Ἐπὶ =P πλ ο απο στ . XXIV 
Subtracting X XIIIa from XXIV, we have | 
V — VV" -(8—P)as44: iH XXV 


Since @>P,(8—P) is positive; hence, ,/ exceeds +” for ἐς 4—that 
is, the net level premium reserve is greater than the modified reserve. 
After the modification period is passed, however, the modified 
reserves are equal to the net level premium reserves, as shown by 


XXIIIb, X XIIIc. 


TEST YOUR KNOWLEDGE OF MODIFIED RESERVES BY THESE EXERCISES 


24 Using the above notations, show that the additional margin for expenses 
permitted in the first year by the modified first-year net premium 1s 
P —a, and that the decreased margin for renewal expenses permitted by 
the renewal net premium is 8— P.. [Hint P—a-(P'—a)—(P'—P).] 








\ 
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35 For a $1000 twenty- pa ment whole life ure issued at age 30, 


Dnm (8 — α) — 10.102. culate the values of 1000 8, 1000 4, assumint | 
A= 
26 For a $1000 thirty-year endowment insurance issued at. age 30, 
—A 1000 (8— æ) =10.102. Calculate the values of 1000 8, 1000 α, assuming 
πρ | 
27 For a $1000 twenty-payment, doce endowment insurance issued 
at age 30, 1000 (8—«) — 10. 102. Calculate the values of 1000 6, 1000 c, 


assuming 7 οο. 


28 Calculate by the retrospective method, and check by. the rospective [e 


. method (a) the first modified terminal. reserve, (b) the fifth modified 
| terminal reserve, for the policy of problem 25. | 

29 Calculate by the retrospective method and check by the prospective 
method the first modified terminal reserve for the policy of problem 27. 

30 Use the prospective method to calculate the εμας modified terminal 
reserve on the policy in problem 26. . 

31 For the policy of problem 25, calculate (a) the excess of the first net 
level premium terminal reserve over the first modified terminal reserve; 
(b) the excess of the fifth net level premium terminal reserve over the 7 
fifth modified terminal reserve. (Hint: Use formula XXV.) 

32 Rearrange equation XX to prove de Report’ s statement, “The present 
value of the increase in the net premium for the renewal years isexactly | 
equal to the reduction in the first-year net premium.’ B 


Full preliminary term meihod 


This is the name applied to the modification method under which the 
first-year net premium is taken to be the one-year term premium at 
age of issue, and the modification period is the whole premium pay- 
ment term, 4=m. The one-year term premium is the lowest net 
premium that we should ordinarily want to hold, for any lower net 
premium would fail to provide for the theoretical first-year i insurance 
costs. As the full preliminary term method employs the minimum 
first-year net premium, then 15 permits the maximum allowance for 
first-year expenses. . 


let ap, By denote the first-year and renewal net premium under the full 
preliminary term method. Then: | 


aptum TE. ἔπ. M o 
Since ie value of the πα net premiums equals the value of the penus 
+ 524. m— = dan , 


or, In commutation οδός | 
eee Ni— Nes My-— M scE Bus 
| poro t RA DE Fog 
Or (Nx+1— x+ ANE (M,— Cx) — ', 

o by Dx; we have 
θρᾶκ ει: a= As uo br. 


ESO seein a : ; 
um —m- Pes rs XXVII 
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Thus, under the full preliminary term method for a policy issued at 
age x, the first-year net premium 1s the net one-year term premium, 
Cx, and the renewal net premium is the ze level premium for a policy 
taken out at age (x--1), and with premium and insurance terms one 
year less than the original premium and insurance terms, respectively. 

For example, a twenty-payment life policy issued at age 30 would have 
net premiums «πο and 39/731; a twenty-year endowment issued at age 30 would 
have net premiums cs) and P3).79; an ordinary life policy issued at age 30 
would have net premiums eso and P3. 

The problem of reserves is then simple. As the first-year net 
premium provides only a one-year term insurance, the reserve at the 
end of the first year is 0. We may regard the renewal net premium, 
m-i x4 1:qzq, as the net level premium for a new policy issued at age 
(x4-1). At the end of ¢ years from the original issue date—that 1s, 
(£— 1) years after attainment of age (w+1), these net premiums will 
have accumulated the (¢—1)th net level premium reserve on the policy 
issued at age (x4-1). In symbols, if ,/'& denotes the ;th full pre- 
liminary term reserve, 

πρ when f=1 
W p= cim M et eal when Is s XXVIII 
For example, the tenth reserve on a twenty-payment whole life policy, 
issued at age 30, is 
9:19/31= 7149 — τορι 240: 10 
by formula IX; the tenth reserve on a twenty-year endowment, issued at 
age 30, is 
31:79 = Ag. 79 — Psi 40:10 
by formula VIII; and the tenth reserve on an ordinary life policy, issued 
at age 30, is 
9/731 — 7149 — P31 840 
by formula VI. These reserves may be written also in retrospective forms 
by use of formulas IV and V. 

During the premium-payment period, the net level premium reserve, 
i, exceeds the full preliminary term reserve, ιδ΄», according to 
formula XXV with 4=m, by an amount, | 

ϱ Vi p= (rmb arpea 
When all premiums are paid, the reserve under either method 15 equal 
to the value of the remaining benefit. 


TEST YOUR KNOWLEDGE OF THE FULL PRELIMINARY TERM MODIFICATION 


33 For each of the following policies of $1000, issued at age 35, compute 
the net level premium, 1000 P; the full preliminary term premiums, 
1000 a, and 1000 6}; the additional margin for expenses in the first 
year, 1000 (P — αρ): and the decreased margin for expenses in the renewal 
premiums, 1000 (8;— P) : (a) an ordinary life policy; (b) a twenty- 
payment whole life policy; (c) a twenty-year endowment policy; (d) a 
ten-payment whole life policy; (e) a ten-year endowment policy. Check 
your answers in Table E. 

34 For the policies in problem 33, compute the fifth terminal reserves 
under the full preliminary term and net level premium methods. 
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TABLE E 
COMPARISON OF NET LEVEL AND FULL PRELIMINARY TERM EXPENSE ALLOWANCES 
(American Experience, 3%: age at issue, 35; face of policy, $1000) 


FuLL PRELIMINARY TERM 


NET ADDITIONAL MARGIN 
PLAN LEVEL FIRST-YEAR RENEWAL FOR EXPENSE 
PREMIUM NET PREMIUM NET PREMIUM First YEAR RENEWAL 
Ordinary life 21.081 8.686 ALAS, 12.395 — 0.656 
20-payinent life . 29.850 8.686 31.470 21.164 — 1.620 
20-year endowment 41.966 8.686 44.513 33.280 —2 547 
10-payment life 49.725 8.686 55.239 41.039 — 5.514 


10-year endowment 89.300 8.686 100.130 80.614 — 10.830 


Observe that, under the full preliminary term modification for a 
given age of issue, the first-year net premium is the same for any plan, 
so that the additional margin for expense in the first year, P— ar, in- 
creases as P increases, and the corresponding decreases in the margin 
for expenses in the renewal years become substantial. It is generally 
considered that, for the higher premium policies, the full preliminary 
modification makes too much allowance for initial expenses and effects 
too much of a decrease in the margin for renewal expenses, but that, for 
policies with premiums not greater than the twenty-payment life 
premium, the full preliminary term method makes reasonable allow- 
ances. 

Notice also that the difference between the renewal net premium and 
first-year net premium becomes large for the higher premium policies, 
increasing from 13.051 for the ordinary life policy to 91.444 for the ten- 
year endowment. This brings us to the idea of another modified-reserve 
method. 


lllinois method 


We shall denote the initial and renewal premiums for this modifica- 
tion method by az, 67, / referring to the State of Illinois, in which the 
method was originally developed. Under this method, h=m or 20, 
whichever is the less, and so the modification period is the full premium- 
payment term only ‘if m X20. Further, for any policy, the difference 
between the renewal net premium, 67, and the first- -year net premium, 
αι, 1s taken equal to the difference between the full preliminary term 
renewal premium, 197.41, and the first-year net premium, c, for a 
twenty-payment whole life policy. In symbols, 

βατ tel nt i hs XXIX 

Under this method, for a ten-year endowment, issued at age 35, 

1000 (8; — αι) 21000 (19P36— css) 31.470 —8.686 = 22.784 
(values from Table LX XXVI); but also for an ordinary life policy, 
issued at age 35, 
1000 (βι--αι)Ξ- 22.784, 


where now 67 and αι are the renewal and the first-year net premiums 
for an ordinary life policy. The Illinois method reduces the differences, 
6 — a, penu renewal and first-year net premiums, to the same level 
for all plans. This has the advantage of getting rid of the large differ- 











| thien, from XXIX, 


> and then 
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ences we προς. under the full preliminary term method applied to 
high premium policies, On the other hand, it raises the difference for 
ordinary life policies, and we shall see that the method will not work 
for such a policy. 

Formula XXIX, and the general formula, XXI, are sufficient to 
determine βι and e; completely, for, by these formulas, 


67— QI 
8; = P+ ur 


Dn la es Coe | XXX 
rz P4- asl 9 | 


α = Drs (39P4..1— Cx). 


Thus, for the ten-year endowment, issued at age 35, we have, using - 


Table E for the value of 1000 P. ο; Table LXXXVI for values of 
1000 1Ps and 1000615, and 7; for 335:10, 


45 
1000 8; — 1000P3;:15 1000 GsPss— ων) 


435: I0 

22.784 
Um -89.300- 71 91 .998, 
and | 1000 α;-- 1000 8; —1000 (1523s — css) 


= 91.998 — 22.784 — 69.214, 


| but, for an ordinary life policy, issued at age 35, ᾖ will be 20, so that 


1000 (19P36— css) 


&35:20| 


= 22.701, 


1000 8=1000P55-+ 


22.184 


1000 Gr 1000 6; — 1000 (19P36 — C35) 
= 22.701 — 22.784 = —0.083. 


Here a; is negative and so certainly less than the one-year term premium, 
which we considered was the minimum first-year net premium that would be 


suitable to hold. A criterion, which will tell us whether or not the Illinois 
method will, for a given policy, produce a first-year net premium less than the 
. one-year term premium will be discussed a few paragraphs later. - 


It is unnecessary to write down special formulas for the reserve under the 


ο Illinois method, as, once «a; and Q; are determined, the general formulas, 
XXII and XXIII,. may be used. For example, to find the fifth terminal 


reserve on 8 $1000 ten-year endowment, issued at age 35, we have, using the © 


values of a; and 8; from above, and the prospective formula, XXlilla, with 


DASS m s 10, 


«1000 677” = 100045 —1000 Br aav. : 
_ 1000 (Mas Mas -Dus) 91.998 (Va — Nu) 499 64. 
| Duo | YO 
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or, retrospectively, from formula XXII, 


1000 οὖ” = 100a + 10008 43e — 1000 SCR 9 
54235 
Ds, , 91.598(Nae— Nao) , Mas— Mag 
igcg oq. Eee qo. qus ο A 
69.214 B. 4+ Da 1000 95 
_ 69.214 Ds;-I-91.998 (Nze — Nao) -- 1000 (Mss — Mas) 
$ Dio 
= 439.64 . 


TEST YOUR KNOWLEDGE OF THE ILLINOIS METHOD BY THESE EXERCISES 


35 For each of the following policies of $1000, issued at age 35, compute the 
Illinois method net premiums, 1000 6;, 1000 «z, and the fifth modified 
terminal reserve: (a) a twenty-year endowment policy; (b) a ten-payment 
life policy. Compare with problems 33, 34. 

36 For a $1000 thirty-year endowment policy, issued at age 35, compute 
the Illinois method net premiums, and the fifth and twenty-fifth modified 
terminal reserves. (Hint: h=20,m=n=30. Use the prospective method 
for the twenty-fifth reserve.) 


lllinois standard 


We return to the question of deciding whether for a given policy the 
Illinois method will produce a first-year net premium less than cy. 
It is not very difficult, but somewhat too long for this article, to show 
that, if for the given policy, r2i0Ps41, then α is not less than οι." 


We now have two modification methods, the full preliminary term 
method, which is unsuitable for high premium policies, and the Illinois 
method, which may be unsuitable for policies with 8r <19P,4;. There 
Is a considerable variety in the legal standards for reserves that the 
various states have set up for companies doing life insurance business 
within the state. Since the most widely used standard originated in 
the State of Illinois, 1t 1s called the Illinois standard. According to 
this standard, policies with age of issue x are grouped into two classes: 


a policies for which @pS$i9P211— that is, the full preliminary term 
renewal premium for the policy is equal to, or less than the full preliminary 
term renewal premium for a twenty-payment whole life policy issued 
at age x; 

b policies for which 8p 19P 441. 


For policies falling into group a, the reserve must be not less than 
that provided by the full preliminary term method; for policies in 


group b, the reserve must be not less than that provided by the Illinois 
modification method. 


+ Jé may also be shown that if the net level premium for the policy is greater than or equal to the twenty- 
payment life net premium—that is, PZ s9Px—then αι is not less than cx. 
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TABLE F 
TWENTY-FIVE-YEAR ENDOWMENT 


(American Experience, 3%; $1000 face amount, Illinois Standard) 
AGE OF ; MODIFICATION 


IssuE 1000 8p =1000P,,. d imd 1000,,P.. TEE METHOD PERMITTED 
. 41 ; 36:72 35279, Illinois method 
42 ' 37.18 36.63 Illinois method 
- 43 37.70 37.53 Illinois method 
44 38.28 38.47 Full preliminary term 
45 38.93 39.47 Ful preliminary term 
46 39.66 40.53 Full preliminary term 





One should be careful to distinguish the [//inois standard from the 
Illinois modification method. The Illinois standard is a legal require- 
ment, which provides for the use of two modification methods, one 
of which is the Illinois method. 

In order to compute the reserves on the policy of the company, 
according to the Illinois standard, each policy must be classified into 
group a or group b. Some policies may be classified without comparing 
the actual values of βε and 19P,41. For instance, high premium policies, 
such as the ten- and twenty-year endowment, will evidently have full 
preliminary term renewal net premiums r greater than the full 
DEA term renewal net premium, 19Px+1, for a twenty-payment 

fe policy. Hence, high premium policies will usually fall into group b. 
On the other hand, low premium policies, such as an ordinary life, 


will evidently fall in group a. This is as it should be, since the full 


Preliminary term method, which is allowed for group. 4, a, is suitable for 
low premium policies, and unsuitable for those wit high premiums, 


while the reverse is true for the Illinois modification method; which 


is permitted for group b. 
Term policies with annual premiums would fall in group a, but, as we 


remarked before, these policies are usually carried with net level 


premium reserves. 

To decide about long-term endowment policies, it may be necessary 
to make an actual comparison of 8r and i19P,41. For a $1000 twenty- 
five-year endowment policy, 1000 @r=1000P.41:29> 1000 ια χει, on 
the American Experience 3% basis for age of issue, x «44, but, from 
age 44. onwards, 1000 gr «1000 i9P.41, as shown in Table F. Then, 
for x «44, the Illinois standard allows the Illinois method for this 
policy, while for x244 the Illinois standard allows the full preliminary 
term method. 


| TEST YOUR KNOWLEDGE OF THE ILLINOIS STANDARD BY THESE EXERCISES 


37 State which of the following $1000 policies should be classified into 
group a and which into group "b; on the basis of the American Experience 
table 3 per cent: (a) A thirty-payment whole life policy, 1ssued at age 
-385; (b) A fifteen-year endowment policy, issued at age 35; (c) A thirty- 
year endowment policy, issued at age 27; (d) A thirty-year endowment 

- policy, issued at age 29. 


38 Compute the first and the twentieth Illinois standard terminal reserves 
for the policies in parts c and d of problem 37. | 
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Other modification methods 


In addition to the full preliminary term and Illinois methods, 
there are several other modification methods in use. The most im- 
portant of these are the following: 

a Ohio method—Let «o and (9 denote the modified net premiums. The 

defining relation then is βο--αοξ Px41—¢x, and the modification period, 
h, ced the premium-payment period, m. By using XXI, we see that 
βο-- Dm Pear oe 


xml 


ety and then Go = βο-- (ῬΡεει--ος). 


b New Jersey method —This method is applied only for 3» 20. The modi- 
fication period is taken as 20 years. The first-year net premium, a; — Cs, 
and the renewal net premium, β;, may be obtained by solving the equa- 
tion, cst 0724.15 = Pax:39, which is equation XX applied to this case. 

c Canadian method—We use ας and c to denote the first-year and 
renewal net premiums. The defining relation is 


P — ac — P4— 65, or ac P—(Ps— c4), 


and the modification period equals the premium payment period. Having 
calculated ac, we may use equation XX to determine 8&c—namely 


The Ohio method, the New Jersey method, and the Canadian method 
appear in connection with the Ohio standard, the New Jersey standard, 
and the Canadian standard, respectively.* 

One of the results of the study by the National Association of 
Insurance Commissioners of the need for a new mortality table was the 
development of a new valuation standard, which we shall refer to as 
the Commissioners standard. For policies for level amounts of 


cil cen of the Illinois DM 

For policies in group a, the Commissioners’ standard allows the 
full E insat term modification method, as does the Illinois stan- 
dard. The reader will recall that, under the full preliminary term 
method, the modification period, 4, equals the premium payment 
term, m. 

For policies in group b, the Commissioners' standard provides that 
the modification period, A shall again always be equal to m (instead 
of ῥ--ν ος 20, whichever is the less, as under the Illinois method). 
Let us denote by co», the modified net renewal premiums allowed by 
the Commissioners’ standard for policies in group b. @com is deter- 
mined by 


19. +177 
BCom = pe m 
dx: σαι 


* For more details about these standards, the reader is referred to W. O. Menge’ s article, “Preliminary Term 
Valuation Methods", in Volume 25 of the Record of the American Institute of Actuaries. 














: That is not at all the true situation. 


studies has been used to distribute 
the cost of insurance and annuity 


case m x 20, but, for m>20, βι-- P+ 


-- 
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Then Bcom 1s the same as the Illinois method renewal premium, 6, in 


19P x4 1— 
: ARAS , 82:30 
period under the Illinois method is 20 instead of m. 


z and the modification 


Difficulties arise in applying the modification methods if the pre- 


| miums for the policy are not uniform, or if the amount of benefit varies. 


MORTALITY AND INTEREST BASES FOR RESERVES 


In the past, the American Experience Table has been most widely 
used as the mortality basis for computing the legal valuation reserves. 


At present, all the states accept the valuation of ordinary policies by 


the American Experience Table. The American Men Table, which 
was based on the experience of standard ordinary insurance during the 
period, 1900-15, received only limited acceptance as a reserve valuation 


mortality table. There appeared to be some doubt that the American 


Men Table was safe for valuation purposes. For some plans and at 
some ages, it produces reserves less than the corresponding American 
Experience Reserves but, for the total reserve on a company's ordinary 
business, tends to produce a higher total than that based on the Ameri- 


can Experience Table. Because the American Experience Table has 
_ been so extensively used as the mortality basis for the legal valuation 


reserve, the public has gained the impression that the American Ex- 
perience Table is the basis of the 

majority of actuarial computations. '“ΕΕΕΕΕΠΕΠΕΠΕΕΕΕΕΕΕΕ 
Numerous and extensive studies of 
mortality have been made since the 
beginning of the century, and much ΠΗΓΗ 


of the knowledge gained from these purus : : 


benefits equitably among policy- 
holders. Modern mortality experi- 
ence is utilized in determining the 





premiums charged and, in the case E ΠΗ HAAA A 
of mutual companies, the distribu- CAE CAE CAE GAE CAE CAE CAE 


tion of surplus through annual divi- ΑΕ ΙΟ 20 30 40 50 60 70 


dends. It is now proposed that Deaths per Thousand according to Commissioners’ 


: and American Experience Tcbies 
moder n mor tality tables shall be (At ages above 70, the deaths perithonsgnd x increase 

va31 c 101 very rapidly and the numbers for the merican 
avallable asreserve valuation tables, vv andi end the nume forthe πανε» 
and state laws are being amended . Commissioners’ Table.) 


to make this possible. (See Fig. 12.) Ἢ . Fig. 12 


It is intended that the Commieioner standard may be applied by 


using modern mortality tables. For ordinary insurance, there is now 


available the Commissioners’ 1941 Standard Ordinary Table SEE Table 


ὶ EA 


~ Y 
~ 
ο. Ὁ. Nes ae Μ..------ 
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TABLE G 


VARIATION OF RESERVES WITH THE RATE OF INTEREST 


(American Experience Mortality; age at issue, 35; face amount, $1000) 


'TENTH ILLINOIS TENTH ILLINOIS 
PLAN STANDARD RESERVE STANDARD RESERVE 
Interest 3% Interest 334% 
Ordinary life 134.86 125.48 
20-payment life 242.28 219.96 
20-year endowment l 393.95 383.76 


LXXXVII, page 989) based upon the mortality experience on policy- 
holders: with ordinary insurance during the decade, 1930-39, supple- 
mented by additional data for the younger and older ages. By the 
term, ordinary insurance, we here mean to distinguish from industrial 
and group insurance. We do not mean just ordinary life policies; en- 
dowments and limited payment life policies are included, in this sense, 
in ordinary insurance. For industrial insurance, there has been de- 
veloped the 1941 Standard Industrial Mortality Table; for annuities, 
the 1937 Standard Annuity Mortality Table. It 1s important to remark 
that the Commissioners’ Table and the 1941 Standard Industrial 
Table do not show the precise experience rates. Instead, they give the 
experience rates plus margins, which, in the opinion of the committees 
preparing the tables, would offset to a reasonable extent possibly un- 
favorable fluctuations in the future mortality rates. 


The interest rate used in the calculation of reserves is no less im- 
portant than the mortality rate. A decrease in the interest rate gen- 
erally causes a considerable increase in the reserve values. Rates of 
interest that have been required by the various states for computing 
the legal valuation reserves have varied from 314% to 6%. Now some 
companies are valuing their reserves on the basis of 3%, or lower. To 
indicate how reserves vary with the interest rate, some typical Ameri- 
can Experience reserves are shown in Table G. 


The reader may obtain information about the mortality and interest 
bases permitted for the valuation of insurance reserves in his state of 
residence by consulting the insurance law of his state, or by inquiring 
from his State Insurance Commissioner. A summary of the bases 
used up to 1939 is given in the report of the committee to study the 

need for a new mortality table. 


FINAL CHECK ON YOUR KNOWLEDGE OF MODIFIED RESERVES 


Compute the following reserves, modified according to the Illinois standard: 
39 Tenth terminal reserve on a $1000 ordinary life policy, issued at age 36. 


40 Sixth terminal reserve on a $1000 twenty-payment whole life policy, 
issued at age 3l. 


41 Initial reserve, in the sixth policy year, for a $1000 ordinary life policy, 
issued at age 30. (Hint: Initial reserve in the sixth policy year = fifth 
modified terminal reserve plus the sixth modified net premium). 
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42 Fifth o reserve on a $1000 thirty-year endowment policy, issued - 
at age 90. | : 


| 43 Fourth terminal reserve on a $1000 twenty-year endowment policy, 


issued at age 25. 


- 44 Mean reserve, in the sixth policy year, for the policy in problem 41. | 


NON-FORFEITURE| It happens, perhaps too often, that, for one 
BENEFITS reason or another, a policyholder will decide 
— - not to continue the payment of premiums for 





his insurance contract, and thus withdraws from the insured group. 


Opinion has crystallized into law that such a policyholder should be 

ranted a benefit upon withdrawal, particularly 1f a substantial reserve 
is being carried for the policy. Benefits granted upon the discontinu- 
ance of premium payments b a withdrawing policyholder are called 
non-forfeiture benefits. A non-forfeiture benefit 1s either the cash value 
or some form of insurance that may be purchased by the cash value, 
applied as a single premium under ARE ὃν mortality and interest as- 
sumptions. 

The most difficult problem is how the withdrawing policyholder's 
equity should be determined. The problem has been very fully dis- 
cussed in the recent report of the Committee of the National Associa- 
tion of Insurance Commissioners assigned to study non-forfeiture 


methods and related matters.* In their summary, the committee 


ιο μα μα | 
. Equity demands that the withdrawing policyholder be allowed an amount 


on withdrawal, whether cash or its equivalent, which represents, with reason- 


able allowance for variation in views as to the assessment of expenses and 
other factors of operation, his contribution to the company's funds, less the 


cost of claims equitably assessable against his policy and less his equitable 


share in the expense of conducting the business, with benefit of whatever 
interest the company has succeeded in obtaining by the investment of these 
funds and less his proper contribution to stockholder's profits in a stock 
company or, in any case, to contingency reserves. If this amount is properly - 
determined, continuing policyholders will be neither benefited nor harmed 


by his withdrawal. It is the approach to this ideal which has been sought 


by the committee. 


Asset shares 


For our present study, we shall need the concept of asset share. In 
the previous sections, we accumulated reserve values on the basis of 


net level or net modified premiums. The reserves based on net modified 


premiums were more realistic estimates of the funds that have accumu- 
lated, with regard to a given policy, than were the net level premium 
reserves. The asset share gives an even better estimate than the modi- 
fied reserve. In the case of the asset share, the premium accumulated 





ο Reports and Statements on Non-forfeiture Benefits and Related Matters (Actuarial Society. of America, New 
York), p. 149. | i : 
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is the effective premium—that is, the gross premium which the policy- 
holder pays less the estimated expenses for the year. (See Fig. 13.). 

For example, let us consider the ordinary life policy, issued at age 35, with 

a gross premium of $25.30, that we discussed at the beginning of the section | 
on modified reserves. As before, we assume first-year expenses of $20.65, . 

renewal expenses of $3.00 per year, in- | 

| terest at 395, but we now assume that 

es the mortality of the company is close 

to a modern mortality table. The 
effective premium in the first year is 


> ο $25.30—820.65 = $4.65, 
and in the renewal year is 


. $25.30 — $3.00 = $22.30. 


go AGE ATISSUE4O AMERICAN EXPERIENCE 33% 





| These are illustrative figures only, and 
΄ may not closely represent actual 
| = os practice. | | 
E To obtain the asset shares, we Ξ 
| should make an accumulation in 
much the same way as the Fackler's 
accumulation, discussed in the sec- 
. tion on net level premium reserves xd o erate iue T 
A omparison of Average Asset Shares with Ne 
(page 949). There would be these Level Premium and lllinois Standard Reserves . 
differences: Ordinary Life Policy; age at issue, 40; American 
a The premiums accumulated would deep να 
/ . be the effective premiums, the "es ο ! 
 first-year premium being much smaller than those in the renewal years. 
b An adjustment would be made for the fact that claims are payable 
immediately upon death, rather than at the end of the year of death. A- 
8 $1000 claim, payable immediately upon death, will, on the average, be 
|^ paid in the middle of the year, and is equivalent to 
| 
| lc i4 
Bs $1000 .-7—1000 (1+0.015) - $1015 

ο at the end of the policy year. | | : 

C The values οἵ uy and k, will be based on a modern mortality table close 
to the company's experience, which might be quite different from the 
mortality table used to compute the legal valuation reserves. The 
formulas used will be of the form, | 


1000 B,=1000(P:)u3;—1015 Eas É 
1000 Β9-- 1000(214- P3) uss — 1015 kse eM 
1000 B3=1000(B2+ P3) us; — 1015 £a, 
-and so on, where 1000 ΖΡ, denotes the asset share at the end of 7 years; 
and 1000 P, is the effective premium for the th policy year. The resulting . 
values will be our best estimates of the funds that will be available in | 
respect to the given policy. . Dos | 
For some while, it has been thought that the values of non-forfeiture 
benefits should approximate the value of the asset share at the time © 
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of withdrawal, and we shall adopt that viewpoint. Up to the present, 
minimum non-forfeiture benefits, required by law, have been based on 
the legal valuation reserve less a deduction called the surrender charge. 

As the legal reserve—in the early policy years, at least— would gen- 
erally be in excess of the asset share, the amount provided for non- 
forfeiture benefits could often be brought down to the level of the asset 
share by deduction of the surrender charge. This is more especially 
true 1f modified reserves are held, for then the reserves would be smaller, 
and would be less in excess of the asset shares. | 

Typical maximum-surrender charges were: for the first two policy 
years, the whole reserve; for the later policy years, amounts not in 
excess of $25 per thousand of insurance. Often, however, the surrender 
charges actually employed are less than these maximum values. This 
method of approximating the asset share by means of the legal-valua- 
tion reserve, less a surrender charge, 15 indirect and open to misunder- 
standing. Also, for some ages and plans, the method will provide 
values in excess of the asset share, particularly if net level premium 
reserves are held. Finally, the interest and mortality assumptions, 
which may be suitable for the valuation of policy reserves, may be less 
suitable for the valuation of non-forfeiture benefits. 


Adjusted premiums 


The committee proposed an adjusted premium method for determin- 
ing the minimum value to be allowed a withdrawing policyholder. For 
an m-payment, z-year endowment policy, issued at age x, with face 
amount 1, the adjusted premium, P^, is determined by a relation of the 


form, 
Pa, 71,::34-0.02-4-0.40 P*--0.25 Pf XXXI 


where 2" is the adjusted premium for the given policy, Pf is the ad- 
justed premium for an ordinary life policy at the same age of issue. 
[n words, formula XXXI states that the present value of the adjusted 
premiums, at the date of issue of the policy, shall equal the present 
value of the benefit, plus two cents per dollar of insurance, plus forty 
per cent of the adjusted premium, plus twenty-five per cent of the 
adjusted premium for an ordinary life policy at the same age. 

There are some special conditions about the terms in the right mem- 
ber of XXXI to which the reader will do well to pay particular atten- 
tion before proceeding to utilize the formula. These are: 


If Ρα exceeds 0.04—that is, 100084 exceeds 40—, then the term, 0.40 P*, 
is replaced by 0.40 (0.04). 


Similarly, if P£ exceeds 0.04, then 0.25 Pf is replaced by 0.25 (0.04). 
Further, if P? exceeds P^, then 0.25 Pf is replaced by 0.25 P”. 
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This sum, 0.02-++0. 40P*-L0. SSPE. is an estimate of the excess of 
the first-year expenses over renewal expenses.. Denoting the net level 
premium by 
p Zea „pd 0023040 P4025 Phy 


ax: m x: ml 


then, on dividing XXXI by 


.. asm We have —— x P= PH, XXXII 





which shows that P" is the net premium plus a loading of e. 


It is intended that the adjusted premiums and non-forfeiture benches 
shall be calculated on the basis of the Commissioners’ 1941 Standard | 
Ordinary Mortality Table, values for which appear in Tables LX X XVII 
and LXXXVIII (pages 989 to 991). We observe again that this is 
a table based mainly on 1920-39 mortality among lives insured under 
standard ordinary policies, and that a margin has been added to offset 
_ possible unfavorable fluctuations. In our computations, we shall round 
off to six figures the values of D, C, M, N. We shall not always then get 
results accurate to the cent, but usually, for a $1000 policy, the error. 
will not be in excess of one cent. | 

Let us now compute the adjusted premium [om $1000 ordinary life 

olicy, issued at age 30, using the 3% Commissioners’ Table values.. 
ins formula XX XI, we have, on multiplying through by 1000, and 
observing that, in this case, all adjusted premiums appearing in the 
formula are Pe, j 
1000 P? 25, 1000 5,4-20-4-0.40 (1000272) -4-0.25 (1000 Pf), 
1000 P¢ (a39 —O DSS =100 4594-20, 


1000 Pz (253 —0.65) = 1000. τ 1-20, 


1000 P$ (so — —0.65 Dao) = 1000 Mao-4-20 Dy. t ji 3 
Then, using values, Neo = 8459550, Mso = 194582, .D3, — 380927, from | 
ΠΙ, 


able 
1000 P4 (8211950) = 142151000 
1000 P} =17.310. 


For the twenty-payment life policy, issued at age 30, we should har 
if δ’ now stands fcr the adjusted premium for this policy, 
1000 P* 255.23 — 1000 7/5,4-20-4-0.40 (1000 δ) 0.25 (1000 Pf), 
1000 P*.(a39;23— 0.40) = 1000 439+20-++0.25 (17. 310), 
since 1000 Pt 17.310 by the example above. 
1000 Pe (72—040) = 1000.752 +24.3275, 
0 
1000 pas (JVao — Iso — 0.40 1280) c 1000 Mag-4-24 2215 Dao, 
. 1000 Ρ5 (5442630) = 143799000, 
so that 1000 P" - 26.421. 
For the twenty-year endowment policy issued at age 30, we have, | 
where now P" is the adjusted premium for this policy, 
. 1000 P* 255.23 —- 1000 7450: 234-204-0.40 (1000 P?)4-0.25 (17.310). 
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If we went ahead with this computation, we should find that 1000 P^» 40. 
Then we replace 0.40(1000 93) by 0.40(40) = 16: then, adding up the 
last three terms on the right, | 


1000 Paso:29== 1000 49:35 +40.3275 

1000 P*(Ns,— Nac) =1000 (Mzo—Mso-}-Dso) 40-3275 Dan 
1000 P«(5595000) = 233328000 

1000 P*--41.703. | 


We shall now discuss in turn the standard non-forfeiture values, 
according to both the old and the new proposed methods. 


Cash surrender valve 


This is, as the name implies, the cash amount that can be allowed a 
withdrawing policyholder on the discontinuance of premium payments. 
Upon payment of the cash surrender value, the insurance 1s terminated. 
The cash surrender value has tended to be the basic non-forfeiture 
value, although there is considerable opinion that the basic non-for- 
feiture values should be insurance rather than cash benefits. The 
allowance of cash values raises problems concerning the liquidity of 
the assets of the companies. During a depression, heavy demands for 
cash values at a time when assets are at a low market value may de- 
velop a serious loss for the company. It is now widely provided that 
payment of cash surrender values may be deferred for a period up to 
six months after demand therefor. 


PRESENT METHOD 


Under the present method, the cash surrender value is equal to the 
legal valuation reserve less a surrender charge and less the amount of 
any indebtedness against the policy. As we remarked before, the sur- 
render charge, after the second policy year, 1s commonly limited to be 
not greater than $25.00 per thousand of insurance. For a $1000 ordi- 
nary life policy issued at age 30, with American Experience 3 per cent 
net level premium reserves, the cash value at the end of ten years is, 
on the basis of a surrender charge of $10.00 per thousand, 

$1000 19739 —$10.00 = 1000 (449 — P0240) — 10.00 | 
— 459.423 — 18.283 (18.5598) — 10.00 = $110.09. 


In practice, the surrender charge would vary considerably and the cash 
surrender value at the end of ten years might be as high as the full 
reserve. | 

For the same policy, but with Illinois standard reserves, the cash- 
surrender value, on the basis of a $5.00 surrender charge, is 

$1000 $47; —$5.00 = 1000 (745 — P3124090) — 5.00 
= 459.423 —18.786 (18.5598) — 5.00 = $105.76. 

In general, if ,C denotes the cash-surrender value at the end of 7 

years, for a policy with face amount of $1, where there is no indebted- 
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ness against the policy, and if, Fi 19 the ith terminal reserve, whether | : 
net level or modified, and if o is the surrender charge at the end of 


ἔ years, 

;C=V S. XXXIII 
The surrender charge is usually made to decrease as 7 increases, and, 
eventually, to become zero. For face amount F, the cash value is | 
F4C. If, further, there is a loan of $L against the poly, the cash 
value 1s Fu E: 


PROPOSED MINIMUM CASH SURRENDER VALUES 


Under the method proposed by the committee, the minimum cash 
surrender value, which we here denote by ,C”, will be determined by the 
excess of the present value of the remaining benefits over the present 
value of the adjusted premiums for the remainder of the premium pay- 
. ment term. In symbols, for an m-payment, z-yéar endowment, issued 
at age x, with face amount of $1, : 
iC” = Zu 'n-í] | p xr m= m— tjs XXXIV 
where P" is calculated by XXXI. This is reminiscent of the net 
premium reserve fomulas, and 1s the same except that P" is used in 
place of the net premium: It should be emphasized again, however, 
that the mortality and interest assumptions used for evaluating C! | 
may be different from those used to calculate the legal valuation 
reserves. The committee recommended that the minimum non-forfei- | 
τ benefits, for ordinary insurance, be based on the Commissioners' 
able. 
For the $1000 ordinary life policy issued at age 30, 1000 P$ —17.310 
(from the example above), 
and 1000 OE 1000 4 49 — 1000 P? &40 
M 40 AV 4o 
| TUO D. 17.310. JE 
1000 M4,—17310 Mac 
τ DE ; 
Then, using values from Table LXXXVIII, we obtain 


, 907095 - 
$1000 100’ = Fry 755 = $113.40. 


TEST YOUR KNOWLEDGE OF CASH SURRENDER VALUES BY THESE EXERCISES 


45 For the $1000 twenty-payment life policy issued at age 30, calculate the 
. cash surrender value at the end of ten years on the following bases: 
E a) American Experience 3% net level premium reserve, surrender charge 
10.00; (b) American Experience 3% Illinois standard reserve, surrender 





charge $5.00; (c) Adjusted premium method, Commissioners’ Table at 


3%. (See examples | on adjusted premiums.) 

46 For the $1000 twenty-year endowment policy issued at age 30, calculate 
the cash surrender value at the end of ten years on the fons bases: 
(a) American Experience 3% net level premium reserve, surrender charge 


$10.00; (b) Adiusted premium κ ο Commissioners’ Table at 3%: 
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Reduced paid-up insurance 


Under this benefit, as the name implies, the withdrawing policy- 
holder is granted an insurance for a reduced amount and for which no 
further payments have to be paid. The reduced insurance is on the 
same plan, and has the same maturity date as the original policy. The 
amount of insurance 1s determined by equating the value of the reduced 
benefit to the cash surrender value. 


PRESENT METHOD 


In general, for an m-payment, z-year endowment insurance issued 
at age x for the face amount of $1, the amount of reduced paid-up 
insurance at the end of ¢ years, when ¢<m, is given by solving 

Pe T e XXXV 
for X, ,C denoting, as before, the cash-surrender value at the end of the 
ith policy year. (111271, the policy 15 already paid up for the full face 
amount.) The mortality and interest bases used in X X XV are taken, 
generally, to be the same as those used for evaluating the legal reserves. 
For the $1000 ordinary life policy considered above, for which the cash 
value, using net level premium reserves, was $110.09, the reduced 
paid-up insurance benefit 1s given by solving 

μα = 110.09, 
from which we find that the reduced benefit is 


= 110.09 


PROPOSED MINIMUM PAID-UP INSURANCE BENEFITS 


The new features here are that the adjusted premium cash surrender 
value, ;C', is employed, and, for ordinary insurance, the Commissioners’ 
Table is the basis for mortality. The minimum reduced paid- -up 
insurance benefit 1s given by 

πας 5 


Mi pm Maat, ]- Jp TE 


where 7/,.:5:;-4 is calculated by , with values 


Dypt 
obtainable from Table LXXXVIII for the cases which we shall con- 
sider. 

For the case of the $1000 twenty-year endowment policy, 1000 1C” = 
396.93 (see problem 46b). Then the amount of reduced paid-up insur- 
ance at the end of ten years, 1s given by 

WA ea ος. 
X(Mao— M 594- 1750) — 396.93 Das 


Using Table LXXXVIII, we find 


X 39693 . 2/0795 


208640 ^ 527.83. 








D 
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TEST YOUR KNOWLEDGE OF REDUCED PAID-UP INSURANCE BENEFITS 


47 For $1000 ordinary life policy issued at age 30, calculate the reduced 
paid-up insurance benefit at the end of ten years which, on the Com- 
missioners’ Table with 3% interest, is equivalent to the adjusted- 
premium cash surrender value. (See example on page 973.) 


48 For the $1000 twenty-year endowment policy issued at age 30, calculate 
the reduced paid-up insurance benefits at the end of ten years, which 
is equivalent on the basis of the American Experience 3% table to the 
net level premium ier less the surrender charge of $10.00. (See 
problem 46a.) 


49 For the ig. twenty-payment whole life policy issued at age 30, calculate 
the reduced paid-up insurance benefit at the end of ten years on the fol- 
lowing bases: (a) The benefit is to be equivalent on the American | 
Experience 3% basis to the net level premium reserve, less a surrender 
charge. of $10.00; (b) The benefit is to be equivalent, on the Commis- 
sioners Table with 3% interest, to the adjusted premium cash-surrender 
value. (See problem 45.) 


In the early policy years, the amount of paid-up insurance asdiable 
as a non-forfeiture benefit will be small for annual premium policies, 


and in that case a more ui de benefit may be the extended term 


insurance benefit described below 


Extended term insurance. 


Here the insurance is continued for the full face amount, büt on a 
term insurance basis, the length of the term being determined by com- 

aring, on à suitable mortality and interest basis, the single premium 
is the term insurance with the cash-surrender value. 


PRESENT METHOD 


For the ordinary life policy issued at age 30, with cash value of 
$110.09 at the end of ten years, the length of the term on the American 
Experience 3% basis would be obtained by solving for /: 


1000 43: 110.09. 


In general, { will not be an Integral number of years. To approximate 
{, we write the equation in the form, 


1000 Mas—1000 M44: 110. 09 Dio, | 


whence, substituting American Experience Table 3% values for Ma ιο 


and D4, we find 


Most = 8364.42: 


This shows, as we see by looking down the column of M, values, that 
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40-4-£1s between 52 and 53, or fis PAM d 12 and 13. We then calculate 


1000 43.551000 - an Mss Ms 108,09 
40 
1000 43:1 — 1000 248 11710, 


40 


. Here a difference of one year in the term is equivalent to a difference 
of $117.19 —$108.09( = $9.10) in the value. Then a difference of one 


e x (  $0.0249) in the value. The 


value available, $110.09, exceeds $108.09 by $2.00, and this difference 
2.00 


0.0249 
the cash value of $110.09 is sufficient to provide, on the American 3% 
basis, a term Insurance of $1000 for 12 years and 80 days. 

Let us consider the case of a $1000 twenty-year endowment policy 
issued at age 30 and discontinued at age 40. 

If there 1s no indebtedness, the cash-surrender value on the basis of the 
American Experience 3% net level premium reserve, surrender charge $10.00, 


is $397.51. (See problem 46a.) 

This cash-surrender value exceeds $1000 755.13 — $90.20 (on the American 
Experience 3% basis) which would provide term insurance for the full face 
amount up to the original maturity date. 

One could, of course, provide term insurance for a term beyond the 
maturity date of the original policy, but the more usual practice 15 
to grant term insurance for the full face amount up to the maturity 
date, and to apply the balance of the cash-surrender value to purchase 
a pure endowment, which will provide a payment if the policyholder 
lives to the maturity date. In our example, the amount of pure endow- 
ment would be obtained by solving for Y in the equation, 


094.91 =1000 AI. ig Y 19/40, 


which equates the cash-surrender value to the value of the term 
insurance for the remaining ten years of the original insurance term, 
plus the value of the pure endowment. Here, we find, using values of 


D4, and Di, from Table LX XXIV, that 


day i is equivalent to a difference of 


1s equivalent to a difference of (2-80) days in the term. Hence, 


Dio 
Dao 








ΕΞ 


In general, if the cash-surrender value exceeds the value of the 
extended term insurance up to the original maturity date, then the 
amount of pure endowment that may be granted as a supplementary 
benefit in the case of an z-year endowment, issued at age x, and 
discontinued at age (x-4-7), is given by solving for Yi in the equation, 


Da Ti 
d Rae ps ien XXXV 





iad 


a 





(a 
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PROPOSED MINIMUM EXTENDED TERM INSURANCE 


Under the proposed non-forfeiture law, the minimum extended term 
insurance benefit would be evaluated by formulas similar to those 
above—namely 


IC = dia XXXVI 


ifr is less than the remaining insurance term, and by 


Cet i gay bY ett XXXVII 


a4: 
ic: x--t 


if r exceeds the remaining insurance term. Here ,C' is the cash value 
by the adjusted premium method, and, for ordinary insurance, 1s to be 
based on the Commissioners’ Table. As the mortality experienced 
among withdrawing policyholders, who have taken the extended 
term insurance benefit, has been somewhat higher than the normal 
rates, it is proposed that the terms on the right sides of formulas 
XXXVI and XXXVII may, in the case of ordinary insurances, be 
calculated on increased mortality rates, which, however, are not to 
exceed 130% of the Commissioners’ Table rates. 

Under former laws, companies were not required to provide non- 
forfeiture benefits during the first two policy years. Under the standard 
non-forfeiture law now proposed, an insurance non-forfeiture benefit 
must be provided after the policy has been in force one full year, but 
cash-surrender values need not be available until premiums have been 
paid for at least three full years. The most appropriate non-forfeiture 
benefit in the early policy years is generally the extended term benefit, 
as this does not reduce the amount of death benefit between date of 
discontinuance and date of possible reinstatement on a premium- 
payment basis. 

Sometimes the amount of the extended-term insurance 1s taken to be 
the original face amount less the amount of any indebtedness that is 
outstanding against the policy at date of discontinuance, even though 
such indebtedness is discharged by a deduction from the cash-surrender 
value. We shall leave 1t to the reader to find the justification for 
this practice. 


TEST YOUR KNOWLEDGE OF THÉ EXTENDED TERM INSURANCE BENEFIT 


50 For the $1000 twenty-payment life policy issued at age 30, calculate 
the extended term insurance benefit available at the end of ten years, 
assuming that the benefit 15 equivalent on the American Experience 397 
basis to the net level premium reserve less a surrender charge of $10.00. 

51 For a $1000 twenty-year endowment policy issued at age 35, calculate 
the extended term and pure endowment benefit, if any, assuming that the 
benefit is equivalent, on the American Experience 3% mortality basis, 
to the net level premium reserve, less a surrender charge of $12.50, 
(a) at the end of four years; (b) at the end of fifteen years. 
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. | In determining its premium rates, a private company - 
DIVIDENDS must, in order to meet its costs of overhead and opera- 


! tion, make provision.for these expenses in its premium 
rates. There must also be some margin to provide for special con- 
tingencies, such as an epidemic, and a margin for profit. | 


Parficipating gross premiums ND 

Participating gross premiums have been computed generally by 
adding to the net premium a percentage of that net premium anda 
percentage of the ordinary life net premium at the same age at 1ssue— 


‘ 


that is, by. a formula of the form, : | TIRE 
es ee ee our |. XXXVIII 
Often e=/ - or 12.5%. Sometimes a constant per thousand is added 


to the loading. The percentages, e, f, and the constant, if used, may be | 


graduated according to age at issue, and plan of insurance. 
American Experience mortality with 395 interest has generally been 
used as the basis for participating premium rates, with the total 
loading, P'— P, ranging from about 20% to 30% of the net level 
premium. * EDEN UT 3 
lilustrative Example - 
| à dE : eru : | 1 
Assuming loadings as in formula XXXVIII, with ε-- =z, compute 
the gross premium for a $1000 twenty-payment life policy, issued 
at age 30. | RS | | ἂν 


1000 ;, 2^5, 1000 IPod A (ευ t 2oP 2) ]=27.186-4 5(18.283 427.186) -- 32.870. 


TEST YOUR KNOWLEDGE OF PARTICIPATING GROSS PREMIUMS. 
Compute the following premiums on the American Experience 3% basis: 
52 The participating gross premium for a $1000 ‘ordinary life policy, issued 


at age 31 with loading as in XXXVIII with e=/ 7$» 


53 The participating gross pega for a $1000 ordinary life policy, issued at. 


age 30, with a loading of 25% of the net premium, plus $2.00 per thousand. 


Dividend formulas 


As a result of the fact that participating gross, premiums are calcu- 
lated on a conservative mortality basis, and with a simple, more or less 
arbitrary loading, the premiums are usually more than sufficient to 
meet costs, and surplus funds develop. A mutual company retains a 
reasonable portion of the surplus:as a contingency reserve and dis- 
tributes the remainder to the policyholders by means of annua] 














(8 
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dividends computed at the end of the policy years. The company 
expends a great deal of effort in computing equitable dividends. 

One common approach to the problem is to consider that the 
dividend is composed of an interest profit, a mortality profit, and a 
loading profit. We shall follow this method, and now consider each of 
these factors in detail for the ΚΠ policy year for a policy of face 
amount $1. 


a Interest profit. This is often taken as 


(—21 | XXXIX 
where 7 is the rate of interest assumed in the calculation of premiums, 
j' 15 the net rate of interest earned on investments, and Z =:-1 +P is 


the initial reserve for the /th policy year (see page 950). The theory 
here is that the company had the initial reserve available for invest- 
ment during the policy year and has earned interest amounting to 
1] on this reserve, while it assumed earnings on only z/, so that a 
profit, 7/7 — il, has been realized. The difficult practical problem here 
is the correct determination of the rate, ;'. 

b Mortality profit. If q is the mortality rate assumed and g’ 15 the 
mortality rate actually experienced, then the anticipated cost of 
insurance based upon the net amount at risk 1s (see page 952) 


C= q(1—,P) 
while the actual cost has been 
C'=g' (1—7) 
so that a profit, 
| C-C είς gla), XL 


| Vf 
has been realized. If we set r=, the ratio of the actual to expected 


mortality, then XL may be written as 

C= pha et ae XLI 
The practical problem here is the determination of r. In practice, 
instead of estimating r for each individual age, we may use average 
values of r for groups of ages; also, r may vary according to policy plan. 
c Loading profit. | lf the loading has been according to formula 


AXXVIII, then the actual expense may be estimated as 


| E=uP'+0P’,+w, ο XLII 
where P’ is the gross premium for the policy, and P’, is the gross 
premium for an ordinary life policy at the same age at issue. The 
coefficients, 4, v, and w, would be determined so that the total of the 
values of E computed for all policies of a given group approximates 
ον σετ expenses for that group of policies. The loading profit 
1s then e 

m E A XLIII 
where Z is the loading for the policy and 7’ is the rate of interest 
earned, as in a. 
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Putting these die rofits together, we obtairi as formula for the 
dividend, 1D, for the ¢th policy year: | 

εὩὋ--(1΄--)]--(}-ηςἼ-[Ε-- (uP! oP’, +w) (+2). : XLIV 
Various tests of the dividends so determined would be made, including, 
of course, that the total of such dividends for all policies should ap- 
proximate the distributable surplus. 

The net cost we define as the gross premium less the annual divi- 
dend; in symbols, WC = P' —,D. "The net. cost represents the effective 
amount that the policyholder pays for his i insurance contract in the 
Even policy. year. e | : 

ar Illustrative Edo. 


Here. we calculate the dividend and the:net cost for the fth policy 


year for the $1000 ordinary life. policy, issued at age 30, on the Ameri- . ^ 


can Experience 3% ‘basis. 
Assuming that 1000P’;,=1000 Mes we find that 1000P% =22. 854. 


For the dividend calbuldton: we assume that. | 


(a) i 'e 0. 035 SEEN 7 ο 

(b) ο. à is the ratio of the mortality. rate oi the ‘th policy 

| year by the Commissioners’ Table to the rate, 4304:.1, by. the 
American Experience Table. Here (25 and 7 στο 493. 

WO 490.05, and. τὸ =0.001—that is, $1 per thousand. Then, to 
calculate 1000 sD, 


1000 — 27 = 1000(0. 035- 008) QA 3ol-Pso) = =0.31 
1000 —7)C= 1000(1 — —Q, 493) gas(1 me sao) : 


=1000(0.507) (0. 008831) - dme = (ee formula XIV). 
ος 
1000 [.— “(uP Pho) | 4: ZEE 1δω- -(. ο, 


^ which, since here Pp 30; 

34 Bo vas 
Then 1000;D =0. 3l 4142341 34:55 RR CUN 
T E net cost is 1000P ~ 1000 sD = 22.85— Ὁ 88 = 16. 97. 


TEST YOUR KNOWLEDGE OF DIVIDENDS. BY THESE EXERCISES 


54 Calculate, under the same assumptions, the. dividend and.the net cost for 
the tenth policy year for the ordinary life poner considered in the 
illustrative example. Note that now r= aoe : 

55 Calculate the interest factor.in the dividend [ο the uh policy year 
for à $1000 twenty-payment life policy, issued at.age 35, on the American 

| (Ord ως 3% basis, assuming 7' =0. 

. 56 Calculate the mortality factor in tlie dividend i in: ae fifth Bale year for 

a $1000 εις endowment 0.600. issued at age 30, on | the American 
Experience 3% basis, assuming r=0 | is 




















(e 


Solutions to Problemi and Exercises 





Answers are omitted if they may be found in the illustrative tables or examples. Because the commutation 
columns have been cut down to six figures, discrepancies, usually not exceeding one cent per thousand of in- 


surance, may be encountered in the calculations. 


LIFE ANNUITIES AND LIFE 
INSURANCE NET PREMIUMS 


1 $2093.78 2 $823.97 3 $895.54 
4 $6330.92 5 $766.25 6 $10,236.24 
7 $88.38 8 $983.69 9 $182.87 
10 0.0589 11 0.6402 12 0.2499 
13 0.0108 
14 5 A dx 
20 100,000 392 
21 99,608 400 
22 99,208 409 
23 98,799 413 
24 98,386 418 
25 97,968 
15 $1760.77 
16 $9605.56 17 $588.00 18 $7998.57 
19 $405.61 20 $298.28 21 $1246.43 
22 $1292.53 23 $470.13 24 $1043.74 
25 $689.73 26 $919.79 27 $474.17 
28 $326.01 29 $1838.30 30 $123.62 
31 $959.84 32 $3526.52 33 $1288.46 
34 $353.77 35 $2904.38 
36 (a) $175.15 (b) $264.90 (c) $246.04 
37 (a) $356.18 (b) $609.92 (c) $909.51 
38 $2393.73 39 $1048.65 
40 (a) $17.81 (b) $44.78 (Ὁ $21.14 
41 $4259.58 42 $205.24 
43 $1165.10 44 $11.40 
45 (a) Hae (b) $8.69 ee js. 38 
(d) $38.96 (e) $ 
46 $102.67 47 $3632.85 P S bandi 
49 $1446.56 50 (a) $7.83 (b) $16.51 
51 $471.04 52 $3929.99 53 $63.77 
54 (a) $9 (b) $18 55 $159.00 
57 $3584.05 58 $3523.20 59 $1060.09 
60 $2076.99 61 $6464.74 62 $103.57 
63 $98.18 64 (a) $791.26 (b) $40.72 


65 $78.46 66 $9.57 (1st) 67 $101.64,$43.28 
68 $332.07 ^ 69 $50.20 


LIFE INSURANCE RESERVES 
AND NON-FORFEITURE BENEFITS 


4 (15th) $947.98, (25th) $1524.78 

7 $867.82 14 $120.10 15 $95.49 

16 $609.92 17 $31.22 18 $225.48 
19 (1st) $12.36, (2d) $21.09 


20 $231.15 21 $313.00 22 $958.08 
23 $226.78 
25 1000 6 —27.898, 1000 a —17.796 


26 1000 827.460, 1000 α-- 17.358 
27 1000 β--34.460, 1000 « —24.358 


28 (a) 10001V' = 





(from μας η XXII) 
=17.796 - u30 — 1000 k30 
=9.99. (u30, kao from Table LX XXVI.) 
1000 1V' =1000 A31 — 1000 a 
(from rari XXIII) 
—392,089 — 27.898 (13.696) 
=9,99, 
(b) 1000 517’ =1000 a - 52 +1000 B+ ausi 
— 1000 us (See formula XXII.) 
1000 5V' —1000 435 — 1000 g 
(See formula XXILHa) 
Answer: $97.51. 


29 $16.80 30 $541.47 31 (a) $9.75, (b) $8.23 


FULL PRELIMINARY NET 

TERM LEVEL 

34 (a) $55.99 $68.16 

(b) $98.97 $117.52 

(c) $156.54 $185.71 

(d) $203.87 $229.38 

(e) $402.03 $452.13 
10000;  1000a; 1000 y’ 


35 (a) 43.586 20.802 167.16 
(b) 52.423 29.639 216.90 


36 ` 29.452 6.668 87.61 
1000 25 7” — 745.98 

37 (a)and (d): group a; (b) and (c): group b 

38 (c) $0.53, $540.15; (d) $0, $531.98 

39 $140.29 40 $115.68 41 $64.51 

42 $88.01 43 $129.81 44 $61.26 

45 (a) $220.94 (b) $213.83 (c) $218.94 

46 (a) $397.51 (b) $396.93 

47 $255.46 48 $526.36 

49 (a) $480.91 (b) $493.22 

50 23 years, 84 days of e term 
insurance 

51. (a) 15 years, 103 days of NET term 
insurance; (b) 5 years of extended term 
an plus a pure endowment of 

52 23.483 53 24.854 

55 1.14 


54 5.28 
56 2.88 





| TABLE LXXXI 
. 895 COMPOUND INTEREST 








n (1.03)* οἵ = (1.03) ^" isl 
} 1.030 00 0.970 874 : 1.0000 
2 1.060 90 0.942 596 2.0800 
3 1.092 73 0:915 142 3.0909 
4 1.125 51 0.888 487 1.1836 
5 1.159 27 0:862 609 5.3091 
| 6 1.194 05 0.837 484 6.4684 
| 7 1.229 87 0.813 092 7.6625 
|. 8 1.266 77 0.789 409 8.8923 
| 9 1.304 77 0.766 417 10.1591 
| 16 1.343 92 0.744 094 11.4639 
| lí 1.384 23 0.722 421 12.8078 
| 12... 1.425 76 0.701380 . 14.1920 
13 1.468 53 0.680 951 . 15.6178 
14 1:512:59 0.661 118. . 17.0863 
15 1.557 97 0.641 862 18.5989 
16 1.604 71 0.623 167 . 20.1569 
17 1.652 85 — 0.605016 «21-7616 
18 1.702 43 0.587 395— 23 .4144 
-19 1753251 0.570 286 25.1169 
20 1.806 11 0.553 676 . 26.8704 
21 1.860 29 0.537 549 - 28.6765 
22 1.916 10 0.521 893 . 30.5368: 
23 1.973 59 0:506:602 ο AOZO 
24 2.032 79 0.491 934 - 24.4265 . 
25 2.093 78 0:477 606 © 36.4593 
26 2.156 59 0.463 695 — 38.5530 
22 2.221 29 0.450 189 40 . 7096 
28 2.287 93 0.437 077 ο 42.9309 
29 2:35:54 0.424 346 «2.45.2189 
30 2.427 26 0.411 987 ie 47 DIDA 
31 2.500 08 0.399 987 50.0027 
32 2.515 08 0.388 337 " 52.5028 
33 2.602.934 0.377 026 55.0778 
34 2.731 91 0.366 045 — 574302 
35 2.813 86 0.355 383 60.4621 
36 2.898 28 0.345 032 63.2759 
37 2.985 23 0.334 983 66.1742 
38 3.074 78 0:325 226 .. . 69.1594 
39 3.167 03 0.315 754 72.2342 
40 3.262 04 . 0.306 557 79.4013 
41 3.359 90 0.297 628 78.6633 
42 3.460 70 0.288 959 82.0232 
43 3: 564.52 0.280 543. 85.4839 
44 3-67I 45 0.212 312 89.0484 
i 45 3.781 60 0:264 439 . 92.7199 
46 3.895 04 ROZOTT, 96.5015 
47 4.011 90 0.249 259 © 100.3965 
48 4:132: 25 0.241 999 ^. 104.4084 
49 4.256 22 0.234 950 108.5406 . 
4.383 91 0.28 107 112.7969 








32.5611 


13.1661 
13.7535 
14.3238 


14.8775. .. 


16.9355 
-17.4131 


23 9819 
24 2543 


24.5187 














d 


TABLES 





AND FORMULAS 983 
TABLE LXXXIII 
WHOLE LIFE ANNUITY DUE; SINGLE PREMIUM 
WHOLE LIFE INSURANCE 
American Experience 3% 

= ax | LEE EA ax Ax 
10 24.3430 .290 981 55 .- 13.3928 609 920 
1i 24.2247 .294 426 56 13 0061 621 182 
12 24.1026 .297 982 57 12.6172 632 510 
13 23.9765 .301 654 58 12.2265 643 888 
14 23.8463 .305 447 59 11.8348 655 998 
15 23 7118 .309 364 60 11.4427 .666 718 
16 23.5731 .313 408 61 11.0509 .678 128 
17 23 4298 .317 578 62: 10.6608 .689 505 
18 23 2817 .321 891 63 10.2716 .700 828 
19 23 1989 .326 343 64 9. 8852 .712 080 
20 22 9711 .330 938 65 9.5022 .723 238 
21 22 8083 .335 681 66 9.1233 734 272 
22 22 6404 .340 571 67 8.7495 .745 162 
23 22 4672 .345 615 68 8.3813 .755 885 
24 22 9886 .350 817 69 8.0198 . 766 415 
25 22 1044 .356 184 70 7.6655 776 734 
26 21.9142 361 722 71 7.3192 786 820 
27 21.7182 .967 431 72 6.9811 796 666 
28 21.5161 373 317 73 6.6509 .806 283 
29 21.3077 .379 387 74 6.3278 .815 694 
30 21.0930 .385 642 75 6.0108 .824 929 
31 20.8716 .302 089 76 5. 6089 . 834 013 
32 90 6435 “308 734 77 5.3915 842 967 
33 20 4084 .405 580 78 5 0883 .851 796 
34 20.1665 .412 627 79 4.7897 .860 494 
35 19.9174 419 883 80 4.4956 .869 059 
36 19.6608 .427 356 gi 4 9085 .877 423 
37 19.3969 .435 042 82 3.9277 .885 601 
38 19.1254 .442 949 83 3.6521 . 803 629 
39 18.8465 .451 073 84 3.3789 .901 586 
40 . 18.5598 .459 423 85 3.1069 .909 507 
41 18.2655 467 996 86 . 9 5998 .917 315 
42 17.9632 476 799 87 2.5793 .924 876 
43 17.6531 485 832 88 2.2338 .932 024 
44 17. 3350 495 097 89 2.1029 .938 750 
45 17.0093 504 585 90 1.8804 .945 231 
46 16.6757 514 301 91 1.6625 .951 579 
47 16 3348 524 229 92 1.4504 .957 492 
48 15.9867 .534 368 93 1.2939 .962 314 
49 15.6318 544 703 94 1.1387 .966 834 
50 15.2709 555 215 95 1.0000 .970 874 
51 14.9045 565 889 
52 14.5329 576 711 
53 14.1568 .587 667 
54 13.7765 508 743 





|^ 984 ο. |J PRACTICAL MATHEMATICS | 











; x ἦς - . dx 
| 10 100,000 749 
| 11 99,251 - 7746 
| 12 ,505 | 149 
| 13 97,7262 | 440 
| 14 7,022 7387 
| 15 96,285 735 
16 95,550 ‘(oe 
17 94,818 .— 729 
18 94,089 7242 
19 «902 420 
20 92,637 τοῦ 
21 91,914 722 
22 91,192 721 
23 90,471 720 
24 89,751 719 
Y 25 89,032 718 
26 88,314 718 
| 27 7,596 718 
| 28 86,878 718 
| 29 86,160 719 
30 85,441 720 
31 84,721. 721 
32 84,000 Ys 
33 83,277 726 
34 82,55] 729 
35 81,822 732 
36 81,090 737 
37 80,353 742 
38 79,611 749 
39 18,862 756 
49 78,106 1655: 
41 77,341 T7174 
42 76,567 785 
43 182 . 497 
44. 74,985 ' 812 
45 74,173 828 
46 173,945 848 
47 72,497 870 
48 71,627 896 
49 70,731 927 
| 50 69,804 962 
| 51 68,842 1001 
| 52 67,841 1044 
53 66,797 1091 
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| TABLE LXXXIV | E 
AMERICAN EXPERIENCE TABLE OF MORTALITY 


S 
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ο ο ο 


40.013781 = 
0.014 541. 


0.015 389 
0.016 333 


0.017 396 


p aie 
ESEESE . 
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| TABLES AND FORMULAS — «985 

| i TABLE LXXXIV (continued) ! 

| AMERICAN EXPERIENCE TABLE OF MORTALITY 
A je de d; qx | px : 
ΕΞ. 64,563 1199 0.018 571 -. 0.981 429. 
56 63,364 1260 0.019 885 0.980 115: 
57 62.104 1325 0.021 335 0.978: 665^ : 
58 60,779 1894 0.022 936 0.971 4964.5 i^ 
59 59,385 1468 0.024 720 0.975 280. . 

M 6 57,917 1546 0.026 693 0.973307: 

; 6i 56.371 1628 0.028 880 0.971.120 

RU 62 54.743 1713 0.031 292 0.968 708. 

| 63 53,030 1800 0:033 943 0.966 057 

E 64 51,230 - 1889 0.036 873 0.963 127 
65 49.341. 1980 0.040 129 0.959 871 
66 47,361 2070 — 0.043 707 0.956 293 
67 45,291 2158 0.047 647 0.952 353 i 
68 43,133 2243 0.052 002 0.947 998 ` 
69 40,890 2321 0.056 762 0.943 238 
70 38,569 . 2391. 0.061 993 0.938 007 
71 36,178 - 2448 ` 0.067 665 0.932 335 
72 33,730 2487 0.073 733 0.926 267 
73 31,243 2505 0.080 178 0.919 822 | : 

! 74 28,738 . 9501 0.087 028 . 0.912 972 

75 26237. 2476 0.094 371 0.905 629. 
76 23,761 2431 0.102 311 0.897 689 . 
77 21,330 9369 0.111 064: 0.888 936. 
78 18,961 ’ 2291 0.120 827 0.879 173 - 
79 16,670 2196 0.131 734 . 0.868 266 ~ 
50 14.474 2091 0.144 466 0.855 534. 
gi 19.383 1964 0.158 605 0.841 395 
82 10,419 1816 0.174 297 0.825 708. — 
83 8603 1648 0.191 561 0.808 439 : 
84 6955 1470 0.211 359 0.788 641 ^ 

p C2 ο x ο BARS 1292 0.235 552 0.764 448. 

ee | $6: 7-77 .41939— ον 11M 0.265 681 ᾿ 0.734 319 
87 3079 -933 0.303 020 0.696 980. 
88 2146 744 0.346 692 0.653.308. 

[- 89 1402 555 0.395 863 0.604 137 

| 90 847 385 0:454 5455... 0:545. 455 

91 462 246 0.532 468 0.467 532 
92 216 137 0.634 259 0.365 741 
93 79 58 0.734 177 ο 0.265 823. 
94 21 :38 0.857 143 0.142 857: 
95 3 3 1.000 000 0.000 000 











Dz 


74 409.4 
71 701.0 
69 089 . 4. 
66 571.2 
64 143.0 


61 801.7 
59 543.6 
57 366.4 
55 267.4 
53 243.0 


51 290.9 
49 408.3 
47 592.4 
45 840.9 
44 151.5 


42 522.2 
40 950.7 
39 434.8 


97 972.4 


ση. 


35 200.6 
33 887.3 
32 620.3 
31 397.6 
30 217.4 


29 078.2 


PRACTICAL MATHEMATICS 


TABLE LXXXV 


COMMUTATION COLUMNS 


American Experience 3% 


Nx 


1811 346 
1736 936 
1665 235 


1596 146 


1529 579 


1465 432 
1403 630 
1344 086 
1286 720 


1231 453 


1178 210 
1126 919 
1077 510 
1029 918 

984 077 


939 926 
897 403 
856 453 
817 018 
779 046 


742, 484 
707 283 
673 396 
640 776 
609 378 


579 161 
550 082 
522 104 
405 187 
469 295 


444 394 
420 450 
397 432 
940 307 
354 047 


339 623 


259 774 


243 156 
Lai 239 
211 987 
197 401 
183 457 


Cx 


541.094 
523 .229 


. 505.947 . 


489 .227 
473 .052 


κ. 


458 .028 
44 


211.455 


213.048 


219.245 | 


217.985 
221.013 
224 .905 


8194.36 
1913.25 


Sx 


36,981,455 
35,170,109 


. 33,433,173 


31,767,938 


30,171,792 ` 


28,642,217 
27,176,785 
25.773.155 
24.429.069 
23142349 


21,910,896 


17,498,339 — 


16,514,262 
15,574,937 
14,676,933 


13,820,481 - 
13 0083 463 - 


12.224.417 


6,235,271 
5,790,877 
5,370,426 
49 

4,597,688 


Rx 


434,216 


712,564 


474,417 


458,928 
443,782 


- 428,960 


414,480 
400,304 


386,433 


321,362. 


309,152 
291.195 
285,485 
274,017 


262,785 
251,784 


241011 


230,462 


220,134, 


210,022 
200,125 
190,440 
180,967 
171,705 


162,653 
153,812 
145,185 
136,772 
128578 





w 


ντ 











TABLES AND FORMULAS — | dob HT (T 
© TABLE LXXXV (continued) 
“COMMUTATION COLUMNS 


American Experience 3% 





Dis. NS. ie se MT PE 3 CS Re 


S 
85  12703.9 170 140 229.052 7748.34 — - 1,700,715 120,605: 
56 .12104.8. 157 436 233.695  . 7519.29 .. 1,530,575 112,956 .. 
57  11518.5, 145331 238.593 7285.60 1,373,139 105:337 . . 
58 — 10944.5 , | 133813  ' 243.706 7047.00 - 1,227,807 98:051.4 
ᾷ 59 103520 122 868 249.168 6803.30 1,093,995 -91004.4 
: 60 . 9830.43. 112 486 254.764 6554.13 . . 971,126 84.201 1. 
61° 9289.34 . 102656 |^ 260.463 6299.37 858,640 71,647.0 
* 62 | 8758.32 93 366.6 | 266.080 6038.90 755,984 71,347 .6 
63 8 237.14 84 608.2 ^ 271.450 5772.82 662,618 65,308 .7 
= 6455 7725.77 76 371 1.276.575. 550% 37 578,009 59,535 .9 
65 722414. «696453 281.455 , 5224.80 501,638 54,0345 
66 — 61732:31 '61421.2 - 285.678 4943.34 432,993 48,809 .7 
67 6290.54 54 0688.8 289.148 465761. ᾿ 371,572 43,866 .4 
68 5779.34 48 438.3. 291.784 4368.52 316,883 39,208 .7 
| 69. 5319.23 42 659.0 . 293.136 4076.73 268,445 ,840.2 
70. 4871.16 37 390.7..- 298.152. 3783.60 225,786 0,763 . 4 
71 4486.10 . 32468.6 291.428 3490.42 188,446 26,979 .9 
72 4015.47 28 082.5 287.447 3198.99 155,977 23.480. 4. 
73 - 3061107 24017.0 281.005 2911.54 127,945 20,290:4 
74 . 3224.79 20405.9 ' 272.472 2630.45 103,028 17,378:9. 
75>- 2858.40: — 1718L.1. 201.892. . 2357.97 83,521.9 | :14748:5, 
| 76 251325: 143227. 249.643. 2096.08 66,340.8 . 12,2905 ` 
77  .2190.41 11:809.5 236.190 1846.44 52,018.0 ` . 102294.4. 
78 | 1890.42 9619.00 . 221.761 1610.25 40,208.6 -> 8,147.96 
9972613. 60 7128.67 ^ 206.374 1388.49 30,589.5 6,837.71 
ee 80- 1360.22. «611507. | 190.783 116919 22,860.8 5449.22 — 
iS $1 1129.82 4754.85 . 173.976 991.333 16,745.7 4,267 .11 
| 82 ^ 922.040 3625.02 156.180 817.357 11,990.9 3275.18. 
ES 83 . 739.878 2702.08 137 604 661.177 8,365.85 ` 2,458.42 
| 84 580.725 1962.21 119.166 523.573 ,663. 1,797 :24 
| 85° 444 644 1,381.48 101.686 404.407 3,701.56. 1,273.67 
86 330.007. :0.:986:037 . 85.1229 02 Τ21.... . 2,320.08 =~. 869.262. 
87 235.272 " 606.829 69.2150 217.598 1383.24. °= 566-541" 
i 88 159. 204 371.557. 53.5871 148.380 776.414 . 348.943 
e 89 100.980 212.353 38.8099 94.7949 404.857 | 200.581 
90 59.2288 - 111373 26.1381 55.9850 - 192.504 ^ 105.766 £^ 
91 31.3657 - - 52.1442 16.2148 29.8469 ` 81.1306 49.7812 `` 
92 14.2373 20.7785 8.76715 13.6321 28.9864 . 19.9343 
93 - 5.05551 : : 6.54120 3.60354 4.86499 . 8.20785 ^: 6.30214 


94 6 1.30473 '..- 1.485690 .1.08577.. 1.26146.  . 1.66005 — 1748715 


i 


98 . 0.180961. 0.180961 0.175690 0.175690 . 0.180961 0.175690 





988 





TABLE LXXXVI 


ANNUAL PREMIUMS; VALUATION COLUMNS 


1000 Px 


14.407 
14.718 
15.043 
15.385 
15.740 


16.114 . 


16.506 
16.918 
17.301 
17.805 


18.283 
18.786 
19.315 
19.873 
20.461 


21.081 
21.736 
22 .428. 
23.160 
23 .934 


24.754 
29.622 


American Experience 3% 


1000 20 Px 


29.101 
23.477 
23 . 833 
24 . 203 
24.585 


24.980 
25.391 
20.815 
26.250 
26.713 


27 .186 
27.678 
28 .189 
28.721 . 
29 .274 


29 , 850 
30.452 
31.080 
31.736 
32.423 


33.143 
35.808 
34.693 
35.531 
36.416 


37 .350 
38.341 
39.391 
40.506 
41.692 


42 .954 
44.297 
45.730 
47 .261 
48 .900 


50.656 
52.541 
54.565 
06.742 
59.087 


61.616 


1000 Ex 
23 .944 


1000 Cx 


DE 
.626 


00 0 N NN 
(ο 
gi 
Oo 


p RM RA Re e p e EA ERA E 
© Q 
Qo ev, 
(0,0) (0.0) 
co c 
B m 


I I EAE 
DEAE 
o 
co 
e 


da x, ee Se 
E 
το 
c 
m 


Kx 


-007 8660 
.007 9174 
. 007 9694 
. 008 0222 
.008 0757 


.008 1301 
. 008 1967 
.008 2645 
.008 3333 
.008 4152 


.008 4985 
. 008 5833 
.008 6819 
..008 7946 
. 008 9096 


. 009 0270 
.009 1720 
.009 3203 
. 009 4976 
.009 6792 


.009 8913 
.010 1088 
.010 3587 
.010 6288 
.010 9474 


..011 2891 
.011 6970 
.012 1463 
.012 6677 
.013 2800 


.013 9740 
.014 7551 
.015 6294 
.016 6043 
.017 7036 


.018 9224 
.020 2885 
.021 8003 
.023 4739 
.025 3466 


.027 4254 


be 








TABLES AND FORMULAS. | 989 
TABLE LXXXVII 3 
COMMISSIONERS? 1941 STANDARD ORDINARY MORTALITY TABLE 
Numser Numser RATE or NuMBER Numser RATE OF 
Livine Dvixc MorTALITY LiviNo Dviwo = Morratity 
AGE dx dx EU AGE ix. du ον gx. 
> 1 1,000,000 «5,770 .005 77 5í 800,910 10,628... 013 27 
2 994,230 4,116 .004 14 52 790 11,301: - > 1014 30 
3 990,114 3,347 .003 38 53 778,981 12,020:----.015 43 © 
4 986,767 2,950 .002 99 54 766,961 3770... .016:65 
iis 5 983,817 2. 15 .002 76 55. 794,191 960. * .017 98 
s 6 981,102 2,561 . 00261 56 740,631 14390 01948 
"3 7 (8, 2,417 .002 47 57 726,241 15,251 021 00 
g 8 976,124 2,255 .002 31 58 710,990 16,147 022 71 
| 9 973,869 2,065 .002 12 59 694,843 17,072. 024 57 
e 10. 971, 804 1,914 .001 97 60 677,771 18,022 026 59 
il 969,890 1,852 001 91 61 659,749 18,988 028 78 
12 968,038 1,859 001 92 62 640,761 19,979 031 18 
13 966,179 1,913 001 98 63 620,782 20,958 033 76 
14 964,266 1,996 002 07 64 599,824. 21,942 036 58 
15 962,270 . . 2,069 002 15 65 577; 882 ,907 039 64 
16 960,201 2:103 .002 19 66 554,975 23,842 .042 96 
17 958,098 2,156 .002 25 67 531,133 24,730 .046 
18 955,942 2,199 .002 30 68 506,403 25.553 .050 46 
19 953,743 2,260 .002 5’ 69 480,850 26 3302 .054 70 
20... 951, 483 2:910 .002 43 70 454,548 26 955 . ..059 30 
21 949,171 2,382 QUA ST 71 ACT 593 27,481 ^.  .064 27 
22 946,789 2,452 .002 59 72 400,112 27,872 . ..069 66 
2à  . 044,337 2:531 .002 68 73 372,240 28. 104 .075 50 
| 24- 941,506 2.609 .002 77 74 344136 28. 154 . .08181 
| 25 939,197 2,705 . .00288 75 315,982 28.009. 3,088 64 
| 26: 936,492 2,800 .00299 . 76 201,919 |, .21,651° += :096 02 
| 27 . 933,692 2,904 .003 11. 77 260, | 27,071 ` 10809 
| 28 930,788 3,025 .003 25 78 233,251 26,262 = 32 112059 
| 29 027,763 3,154 .003 40 79 206,989 7/7: Seana VA G 
|] 30 924,609 3202 .003 56 80: 181,765 23,966 .. .13185 
| 9ἱ 921 317 3,437 .003 73 81 157,799 22,502 |. :..142 60 
32 917,880 3,598 .003 92 82 135,297 20,857... 3.15416 
33 914,282 3,767 .004 12 83 114,440 19,062 .::.166 57 
34 910,515 3,961 . 004 35 84 95,378 175157. .179 88 
E 35 ; 4,161 .004 59 85 78,221 15,185 ..194 13 
de 36 902,393 4,386 .004 86 86. 63,036 13,198 209 37 
"Si. 37 898,007 4,625 .005 15 87 49,838 11,245. 22b 63 
5 38 893,382 4,878 .005 46 88 38,593! 7-,9:378 243 00 
Ea 39 | 888,504 5,162 .005 81 89 29,215 7,638 261 44 
La: 49 883,342. 5459 .006 18 90 21.577 6,068 .28099 
41 877,883 5,785 .006 59 91 15,514 4,681.. «901 73 
42 872,098 6,131 .007 03 92 10,833 3,506* > .::323.64 
43 865,967 6.508 .007 51 .93 1500 f. 2,540 .346 66 
44. 859,064 6,910 .008 04 94 4.787 1,776 .371 00 
45 852,554 i: .008 61 95 3,011 1,193 39621 
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Dx 


970. 8/3. 79 
937 157.13 


906 094.57 . 
976 τος 70^ © 


848 649.18 


821 657.48 
795 643 .38 


770 561.30 | 


746 389.49 
723 113.44 


700 669.18 
678 962 .38 
657 920.88 
637 493.43 
617 644.50 


598 365.52 
579 665.05 
561 515.15 
543 906.31 
526 813.06 


510 226.19 
494 122.08 
478 487.77 
463 306.15 
448 565.72 


434 246.41 


420 337 .92 


406 825.79 . 


303 692.85 
380 926.67 


368 514.96 
356 446.79 
344 708.31 
333 289 .37 


322 174.24 - 


311 354.85 
300 817.03 
290 551.19 
280 548.29 
270 794.53 


261 282.56 
202 000.76 
242 940.93 
234 093.74 
225 448.20 


210 0907.31 
208 732.53 


PRACTICAL MATHEMATICS 


TABLE LXXXVIII 


Nx 
27 009 185.13 
26 038 311.34 


25 101 154.21. 
24 195 059.64 ` 


23 318 329.94 


22 469 680.76 
2l 648 023.28 
20 852 379.90 
20 081 818.60 
19 335 429.11 


18 612 315.67 
17 911 646.49 
17 232 684.11 
16 574 763.23 
15 937 269.80 


15 319 625.30 
14 721 259.78 
14 141 594.73 
13 580 079.55 
13 036 173.24 


12 509 360.18 
11 999 133.99 
11 505 011.91 
11 026 524.14 


10 563 217.99 


10 114 652.27 
9 680 405.86 
9 260 067 .94 
8 853 242.15 


. 8 459 549.30 


8 078 629 63 
7 710 107.67 


. 7 953 660.88 


7 008 952.57 
6 675 663.20 


6 353 488.96 
6 042 134.11 
5 741 317.08 
5 450 765.89 
o 170 217.60 


4 899 423.07 
4 638 140.51 
4 386 139.75 
4 143 198.82 
3 909 105.08 


3 683 656.88 
3 466 659.57 
3 257 927 .04 
3 057 282.45 
2 864 554.61 


COMMUTATION COLUMNS 
Interest at A 


1407 .6736 


1671.6291 
1720.0088 
1771.2337 
1827 .2709 


1884.4461. 


1944 .4676 
2008 . 3480 
2072 .7315 
2142.3817 
2212 .4172 


Mx 
184 198.4925 


178 759.7141 
. 174 992.9910 
^» 172.019.2248 


169 474 .5289 


167 200.7591 
165 118.4317 
163 210.4296 
161 482.1599 
159 945.6060 


158 562.8917 
157 263.9362 
155 998.0477 
154 733.3293 
153 452.1728 


152 162.8404 
150 890.4908 
149 624.0680 
148 370.0090 


147 118.7018 


145 875.8870 
144 632 7400 
143 390 3318 


. 142 145.2475 


140 899.1746 


139 644.8804 
138 384.3510 


. 137 115.0801 


135 831.4324 


. 134 532.0262 


133 215.2685 
131 880.5541 
130 524 .0137 
129 145.1226 


. 127 737.4490 


126 301.7691 
124 832.5339 
123 328.3630 
121 788.1172 
120 205.6708 


118 580.9195 
116 909.2904 
115 189.2816 
113 418.0479 
111 590.7770 


109 706.3309 
107 761.8633 
105 753.5153 
103 680.7838 
101 538.4021 
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TABLE LXXXVIII (continued) 
COMMUTATION COLUMNS 
| Interest at 970 


S 
P 
= 
5 


' Age t D« 





51 -177 372.08. 2 679 582.58 2285.1560 99 325 .9849 
: 52 : 169920.75 2 502 210.50 2359.0870 | ^ |. J? 040.8289 
' 83  . 162612.51 2 332 289.75 . 2436.0957 - 94 681.7419 
= δα . 15544013: 2 169 677 24 2512.7168 ' : 92 245.064 
ie 55 148 400.03 2 014 237.11 2590.4494 . 89 732 9204 
Er i r% 
pi 56 141 487.25 1 865 837.08 2668.9411 87 142.4800 
HE 574 — .134 607.32 1 724 349.83 2746.2451 84 473 .5389 
n 58 128 027.86 1 589 652.51 2822 .9006 81 727.2938 
ds 59 121 475.98 1 461 624.65 2897 .6833. 78 904 .3932 
E 60 115 040.17 1 340 148.67 2969.8347 76 006.7099 
| 
eye 61. 108 719.65. 1225 108.50 3037 .8848 73 036.8752 
| 62 102 515.17 1 116 388.85 3103.3345 69 998.9904 
63  96425.956 1 013 873.680 3160.5848 66 895.6559 
64 90 456.848 .917 447.724 3212 5995. 63 735.0711 - 
65 84 609.582 826 990.876 3256 .2023 60 522.4716 © 
66 8589 025 742 381.294 3290 .3994 57 266.2693 
67 | 73 300.885 . 663 492.269 3313 5448 53 975.8699 
i 68 67 852.366 590 191:384 3324 .0947 50 6623251 
69 62 551.988 522 339.018 3321.8732 47 338.2304 
70 57 408.212 459 787 .030 3305.1898 44 016.3572 i 
/ 71 52 430.941 402 378.818 3271.5408 40 711.1674 
72 47.632.281 349 947 .877 3221.4452 37 439.6266 
73 43 023 .492 | 302 315.596 3153.6502 . 84 218.1814 
. 24 38 616.729 259 292.104 3067 .2434 31 064.5312 
75 34 424.725 220 675.375 2962.5693 . 27 997.2818 
76 30 459. 495. --. 186250 650 2839 5174 25 034.7185 
: 77 26 732.807 155 791.155 2698 . 9868 22 195.2011 
78 23 255.195 129 058.348 2542 .0673 19 496.2143 
79 20 035.792 105 803.153 2370 .4784 16954.1470 . 
80 17 081. 748 - 85 767 .361 2186.6554 : 14 583.6686 ' 
Fi 14 397. 565 . |. 68 685.613 1993 2818 12 397.0132 
: 82. 11 984.937 © . 54 288.048 1793 7512 10 403.7314 
n 83 9 842 1101 42 303.1114 1501 6280 8 609 . 9802 
3 $4 7.963 .8179 32 461.0013 1390. 8403 7 018.3522 
| κ 85 6341. 0221. 24 497 .1834 1195 1254 5627.5119- 
pe 86 4 961 .2068 18 156.1613 1008.4853 ` 4 432.3865 
3 87 3 808.2203 13 194 .9545 834 22596 3 423.90119 
4 55. : : 2863.0753 9 386.7342 675. 45626 2 589.67523 
: 59 2 104.2285 : 523 .6589 534 10846 1 914.21897 
99 , 1508.8319 4 419. 4304 411.62344 1 380.11051 
91 :1:053.2617 | - 2 910.5985 308.54175 968. 48707 
92 ` 714.04246 1857 33675 22436237 659 94532 
93 . 468. 88279 1 149. 29429 157 .81002 435.58295 
94 297 41597 ᾽ ^. 674.41150 107 . 12889 277 . 77293 
95 181.62448 - 376.99553 69 866160 170. 644041 
σος 106.46830 - 195.37105 46.225302 100.777881 
97 AU YE 141978. 88.902752 30.416104 54.552579 
98 -. 25.061545 25917 760774 17.632370 24. EE 
«5 


6.5041050 


94... 6.6θοῦδα . 6,6992288 











* actuary: the mathematical officer of an insurance 


company; his work requires a knowledge of 
mathematics, mortality statistics, insurance law, 
accounting, and finance. His direct responsibility 
is the Computation of net and gross premiums for 
insurances atid annuities, feserves, non-forfeiture 
—. benefits, and dividends. 

annuitant: the person upon whose survival the life 
annuity payttients depend. 

annuity: a sequence of regular payments, usually of 
equal size. The two principal types are annuity 
cerlain atid lifé annuity. z 

annuity certain: an annuity of a fixed number of 
payrmients assiimed certain to be made. 

annuity dué: an annuity in which each payment is 
made at the beginning of the interval associated 
with the payment. 

annuity immediate: an annuity in which each pay- 
tHént is made at the end of the interval associated 
with the payment. 

beneficiary: in life insurance, a person, named in 

the policy, to whom the death benefit is made 
payable. 

deferred annuity: an annuity in which the first 
payment is made later than the end of one 
paythent interval beyond the date of the contract. 

dividend: the policyholder’s share in the distribution 
of surplus. 

endowment insurance policy: a life insurance 
contract under the terms of which the amount 
stated in the policy is paid to the insured if he 
SüfVives à certain stated period or to the benefici- 
ary if the insured dies during the stated period. 

expectation of life: according to a given mortality 
table, the average length of time which a member 
of any given age group will live in the future. 

extended insurance: a non-forfeiture benefit under 
which the withdrawing policyholder is granted 
paid-up term insurance for the original face 
amount, or the original face amotint less the 
amount of any indebtedness. 

gross premium: the premium paid by the policy- 

- holder to the insurance company. 





life annuity: an annuity in which each payment is 
contingent upon the survival to the payment 
date of the annuitant. 

loading: the excess of the gross premium over a 
corresponding net premium. 

modified net premiums: a system of net premitiins 
under which the first-year net premiurn is taken 
to be stnaller than the following net premiurns.: 

modified reserve: a reserve based on the accumula- 
tion of modified net premiums. 


mortality table: a table showing rates of mortality, - 


and derived functions. 

net premium: a complete or partial payment for a 
life insurance policy computed without pro- 
vision for expenses of any kind nor for profit to 
the insurer. 

non-forfeiture benefit: a benefit available on dis- 
continuance of premiuth payments by a with- 
drawitig policyholder. 

non-participating insurance: insurance with 
minimum premium rates, which does not entitle 
the policyholder to share in the distribution of 
surplus. 

ordinary life policy: a whole life policy paid for 
by means of level annual prétniums paid through- 
out the entire future life of the insured. 

policy: a life insurance contract. 

premium: a payment made by the insured for his 
insurance policy. 

renewal premium: a premium föt a policy year 
after the first. 

reserve: the excess of accumulated premiums over 
accumulated cost, or the present value of future 
benefits, less the present value of future pre- 
iniurris. 

surplus: excess of assets over liabilities. 

surrender: discontinuance of the original policy. 

term instirance policy: a life insurance contract 
undet which the death benefit is payable only if 
the insured dies within à stated interval of tittie. 

valuation: the calculation of the reserves on all 
the company's policies in accordance with the 
mortality and interest bases required by law. 





STATEMENT OF THE OWNERSHIP, MANAGEMENT, CIRCULATION, ETC. REQUIRED BY 
THE ACTS OF CONGRESS OF. AUGUST 24, 1912, AND MARCH 3, 1933, of PRACTICAL MATHEMATICS, 
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